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1 Introduction

Stock market investors are in a constant battle to separate noise from signal. Many factors influence
prices. Most of these factors are unobserved by individual investors, and most will turn out to
have only transitory effects. Given its importance to understanding asset prices, models of signal
extraction have long been a workhorse in financial economics, ranging from the classic static models
of Grossman and Stiglitz (1980) and Hellwig (1980), to the more complex dynamic models of Wang
(1993; 1994), to more recent endogenous information models reviewed in Veldkamp (2011). However,
this previous literature has neglected one key feature of real world information environments, namely,
their non-stationarity. Information enters the market periodically, via recurrent macroeconomic
data releases. This paper shows that time variation in the underlying information structure creates
testable predictions, which have yet to be examined.

Following recent work by Coibion and Gorodnichenko (2015) (henceforth CG15), we exploit an
interesting feature of the Survey of Professional Forecasters (SPF). The SPF asks participants to
report a sequence of quarterly GDP growth forecasts for the next four quarters. These forecasts
are submitted roughly in the middle of each quarter. The difference between the current forecast
for this quarter and the previous forecast submitted last quarter provides a measure of forecast
revisions concerning the current quarter’s growth rate. Roughly six weeks later, the actual (initial)
estimate is announced by the Bureau of Economic Analysis (BEA).! As in CG15, we focus on
consensus forecasts, constructed as the cross-sectional mean forecast. The key advantage of using
these survey measures of forecast revisions is that they allow us to evaluate the market’s response to
beliefs without committing to a particular statistical model that supposedly generates these beliefs.

CG15 were interested in the potential role of information frictions in explaining apparent vi-
olations of the Rational Expectations Hypothesis. They show that consensus forecast revisions
positively predict subsequent forecast errors, not only for GDP but for several other macroeco-
nomic variables. They go on to show that models featuring either ‘sticky’ or ‘noisy’ information can
explain this predictability. This paper extends the work of CG15 by examining the stock market’s
responses to these revisions and forecast errors. It shows that market reactions to revisions nega-
tively predict subsequent reactions to forecast errors. Although seemingly contradictory, the same
underlying mechanism as in CG15 is at work. Between announcements, noise has the opportunity
to accumulate, since the underlying state has yet to be revealed. Sometimes this noise accumula-
tion is favorable, sometimes it’s unfavorable. If it’s favorable, it will likely have produced a positive
forecast revision for this quarter, and accordingly, the market will have reacted positively. Later,
once the true state is revealed, the market must correct itself, and prices decline. Everything works
in reverse if the noise accumulation has been unfavorable. Either way, market responses to forecast

revisions negatively predict subsequent responses to forecast errors.?

! As discussed below, the actual sequence of forecasts and announcements is a little more complicated. In practice,
the BEA provides monthly initial and revised estimates of quarterly GDP growth.

2The mechanism here is similar to the ‘wisdom after the fact’ models of Romer (1993) and Caplin and Leahy
(1994). The key difference is that in those models fixed costs or externalities prevent fundamental information from
getting revealed to the market until a critical threshold is reached. In contrast, here it is noise that accumulates, and



After documenting this empirical regularity, we show that an extension of Wang’s (1993) dy-
namic noisy Rational Expectations model (NREE) can account for it quantitatively. we extend
Wang’s model in two ways. First, the information structure in Wang’s model is exogenous. In-
formed agents know the underlying state, whereas uninformed agents must learn about it. Here
we assume heterogeneous channel capacities constrain both agents information processing efforts.
Hence, even relatively informed agents remain unsure about the underlying state until it is an-
nounced. This enables our model to capture the sort of information rigidities reported in CG15.
Second, the information structure in Wang (1993) is also time invariant. Here it is time-varying.
Following announcements, both agents obtain full information. Imperfect and asymmetric informa-
tion emerges endogenously in between announcements due to the heterogeneous channel capacities.
We show that a time-varying information structure can explain a seemingly puzzling empirical re-
sult, namely, that realized volatility does not change following announcements. Although increased
information following announcements would by itself increase volatility, the endogenous reduction
in price sensitivity offsets this.

As in Wang (1993), we show that the equilibrium price is a linear function of the underlying
state. However, here the pricing coefficients are time-varying, and must solve a system of Ordinary
Differential Equations subject to boundary conditions at the announcement dates. This quasi-
analytical solution makes it easy to generate model-implied time paths. Using these time paths, we
replicate the regressions we conducted using the actual data. We find that reasonable parameter

values can match the empirically observed regression coefficients.

Related Literature. This paper is closely related to the recent literature on endogenous infor-
mation in macroeconomics and finance. Veldkamp (2011) provides a survey. Sims (2003) first intro-
duced Rational Inattention based on information processing constraints. Mackowiak and Wiederholt
(2012) formulate information processing as a costly choice depending on limited liability.> A related
literature attributes information rigidities to sticky information, such as Mankiw and Reis (2002).
Agents update their beliefs infrequently, but acquire full information once they do so. As a result,
sticky information by itself cannot explain why price responses to forecast revisions predict price
responses to forecast errors. For this, it is essential that the underlying state is unknown by all
agents until the announcement occurs.

This paper also contributes to the literature on the role of asymmetric information in asset
markets. Easley, Kiefer, and O’Hara (1997) and Easley, Hvidkjaer, and O’hara (2002) analyze
information-based trading and emphasize the importance of asymmetric information in affecting
stock returns. Goldstein and Yang (2017) provide a review of information disclosure in financial
markets via public announcements. It is worth noting the the heterogeneity emphasized in this paper
is endogenously generated by information processing constraints. This is different from the large

literature on heterogeneous priors, such as Basak (2000; 2005), Scheinkman and Xiong (2003). Here

the threshold is exogenously determined by data announcement dates.
3Huang and Liu (2007) investigate how investors choose their attention frequency to periodic news; Zhang (2006)
empirically documents the role of information uncertainty in influencing stock returns.



incomplete information comes from one type of investor having superior channel capacity, which
generates endogenous heterogeneous forecasts. Crucially, this information asymmetry is eliminated
periodically following macroeconomic announcements, thus producing the predictability of price
responses to the information revelation.

The remainder of the paper is organized as follows. Section 2 provides empirical evidence
on forecast revisions and forecast errors. It first confirms the results of CG15, that GDP forecast
revisions positively predict GDP forecast errors. It then shows that stock price responses to forecast
revisions negatively predict price responses to forecast errors. Section 3 illustrates the basic intuition
behind this result using a simple 2-period model. Section 4 then develops a complete general
equilibrium continuous-time model featuring periodic macroeconomic announcements. Section 5
provides a quantitative analysis of the model. It shows that data generated from the model can
explain the empirical evidence documented in Section 2. Finally, Section 6 concludes by discussing a

few possible extensions. A technical Appendix contains robustness checks, proofs, and derivations.

2 Empirical Evidence

In this section, we first follow CG15 by showing that revisions of SPF forecasts of quarterly GDP
growth positively predict subsequent forecast errors. As in CG15, we focus on consensus forecasts,
defined as the cross-sectional mean forecast. we then go on to examine the stock market’s reactions
to both forecast revisions and forecast errors, and show the opposite pattern arises: market reactions
to forecast revisions partly reflect noise, and so negatively predict market responses to forecast
errors. To clarify the timeline and measurements illustrated in this section, see Figure 2.1 for a

simple example.

2.1 Data and Measurements

Forecasts. Following CG15 and most of the literature on expectations, we use historical survey
data from the Survey of Professional Forecasters (SPF). We focus on forecasts of GDP growth
(SPF abbreviation: RGDP). SPF is a quarterly survey containing approximately 40 professional
forecasters, beginning in 1968Q4. Since 1990 it has been run by the Federal Reserve Bank of
Philadelphia. Panelists come largely from the business world and Wall Street, spanning different
sectors (e.g. banks, consulting firms, universities, private firms, etc). Each forecaster is asked to
forecast at horizons from the current quarter (¢) to four quarters later (t44). The data are reported
at both the individual-level and the consensus-level, computed as the cross-sectional mean from the
individual-level forecasts at a point in time.* After 1990Q2, the survey has been conducted in the

second month of the quarter, and the deadline for submitting forecasts is around the middle of the

4The cross-sectional mean could change due to a change in forecaster composition. CG15 only include forecasters
that participate in two consecutive surveys and find robust results.



Figure 2.1: A Simple Example

A
=L Ferr
A H
. Frev &
Forecast H :
1 1 H 1 . 1 } } } L
t
DDL Announcement
May.10 Jul.29Aug.9  Oct.28
4 4
Timeline 4 T T — } } } } }

R

2016Q1 2016Q2 2016Q3 2016Q4 2017Q1 2017Q2 2017Q3 2017Q4 ...

Stock Prlce| Rrev T Rann
L

v

This figure gives a simple illustration of the underlying timing. To be specific, let’s focus on the third quarter of
2016 (in red lines). After the BEA’s announcement for 2016Q2 real GDP growth rate on 2016.7.29, the SPF survey
was distributed to the SPF forecasters. The submission deadline was 2016.8.9. Panelists must forecast five quarters,
from the current quarter 2016Q3 to 2017Q4 (Note, the forecasts over the five periods are not necessarily the same).
This also took place last quarter (2016Q2, blue lines), where panelists needed to forecast from 2016Q2 to 2017Q3,
and submitted before 2016.5.10. Suppose on May.10, the cross-sectional average forecast for 2016Q3 GDP growth
was 2.35%. One quarter later, on Aug.9, panelists forecasted 2016Q3 again, say 2.8%. Compared to last quarter’s
forecast, they revised up Frev = 0.45%. The stock market return on Aug.9 was Rrev = 5.96 basis points. On Oct.28,
the BEA announced an advance (first) estimate of 2016Q3 realized GDP growth rate of 2.9%. Hence, the forecast
error Ferr = 0.1%. And the overnight return turned out to be Rann = -1.41 basis points.

survey month.>6

Define the consensus forecast revision (Frev;) and forecast error (Ferry) as:

F’I"G’Ut = Ftﬂft — Ft_lﬂft (].)
Ferry = x; — Fuxy (2)

where F; denotes the average time ¢ forecasts across panelists. Forecast revisions are calculated as
the difference between the current quarter’s consensus forecast (F;) of this quarter’s GDP growth
rate x¢, and last quarter’s forecast (Fi—;1) of the current quarter’s GDP growth rate (forecasting
one quarter ahead within the information set at ¢ — 1). Hence, forecast revisions reflect the new
information obtained and processed by agents from ¢ — 1 to t. Forecast errors are defined as the
difference between the realization of x; (initial release about quarter ¢ GDP growth rate, announced

at the beginning of ¢ + 1), and the forecasts made at ¢.”8

®The detailed deadline date and news release date can be found in: https://www.philadelphiafed.org/-
/media/research-and-data/real-time-center /survey-of-professional-forecasters/spf-release-dates.txt?la=en.

5The survey is distributed after the release of advance GDP estimates, and first gets published (open to the public)
around one week later than the submission deadline. Since this paper mainly focuses on stock market reactions to
stock market participants’ forecast revisions, the data publication day does not matter because it could not represents
the time when those forecasters, as the representative of stock market participants, revise their beliefs.

"Note that the forecast is done before the true data is realized.

8CG15 use forecasts of year-on-year annual growth rate from quarter ¢ to ¢t + 4. Since this paper is interested in



Announcements. We collect GDP announcement dates from the Bureau of Economic Analysis
(BEA)’s website, where they report the annualized quarterly growth rate at the end of each month.’
GDP growth rate announcements are made monthly, so that each quarter contains three announce-
ments: advance (first), second, and third estimate. For example, in April the advance estimate for
Q1 GDP growth rate is released, followed by a second estimate of the same Q1 GDP growth rate
in May, and a third estimate given in June. We focus on the advance estimates for two reasons.
First, the advance estimates are believed to include the most information, and resolve most of the
uncertainty. Second, the subsequent revisions may not reflect the initial investors’ reactions to the
surprise in GDP growth rate announcements. Therefore, in this paper, the forecast revision at
quarter-t is associated with the realization of quarter-t GDP growth rate announced at ¢t + 1, and

forecast errors are calculated using advance estimates.

Stock Market Returns. To measure the stock market’s reaction to expectation revisions, we use
closet—close;_14ay

close-to-close returns on survey submission deadline days Rrev; = closer 14
" lday

, and overnight
opent—closes _14ay
closei_1day

on deadline dates for three reasons. First, although information arrives continuously, and beliefs are

returns on GDP announcement days Rann; = . We use realized close-to-close returns
accordingly being continuously revised, the submission days provide a direct, model-free, snapshot of
this continuous revision process. As a robustness check, we also calculate returns using surrounding
dates.!9'!! Second, we use overnight returns at advance estimate announcement days since GDP
growth rate is released at 8:30 a.m., before the stock market opens. Overnight returns capture the
stock market’s reaction to forecast errors more accurately because they include all the price response
to the GDP announcement. Third, instead of using the S&P 500, we calculate returns based on the
SPDR S&P 500 ETF (SPY) dataset, which is available from January 1993. We do this because the
S&P 500 calculates its opening price at 9:31 a.m., when many stocks are not open. As a result, the
opening price for the S&P 500 is often the same as the previous trading day’s closing price, which
produces many zero overnight returns when using S&P 500 data. In contrast, the SPY is calculated
based on S&P 500 futures, which is always open by 9:31 a.m.!? Hence, we use Rrev; to measure
the stock market’s reaction to forecast revisions and Rann; to measure the stock market’s reaction

to forecast errors upon announcements.

stock market reactions to expectations formation process, we only look at adjacent forecast revision and examine the
stock market reaction to both forecast revision and error about the same quarter ¢t. In the appendix, we show that
the result is robust when examining CG15 year-on-year annual forecast revision and forecast error.

“https://www.bea.gov/data/gdp/gross-domestic-product.

10We exclude those observation dates lying on non-trading days.

1One may argue that the revision has been started right after the last submission day and forecast revisions
defined in equation (1) should reflect the cumulative revisions in response to the new obtained information between
two adjacent forecast quarters (¢t —1 to t). It is also possible that panelists start revisions after they receive the survey
(there are no exact dates for when the surveys were distributed, but approximately within one to two weeks before the
deadline dates). In the appendix, we show that the results remain robust if considering close-to-close return between
current and last quarter submission deadline days, or close-to-close returns between the submission deadline day and
one week before it.

12For the robustness check, we have also shown that the results hold when using the return data from NASDAQ.
The results are even stronger by using daily returns from Kenneth French’s website instead of close-to-close returns
from SPY.



Table 2.1: Summary Statistics

Variable Mean (%) S.D.(%) N Time
Rrev; 0.012 135 84 1993Q1-2018Q4
Rann, 0.15 0.67 104 1993Q1-2018Q4
Frev, -0.27 0.09 200 1968Q4-2018Q4
Ferry 0.08 0.13 200 1968Q4-2018Q4

Ty 2.41 0.21 200 1968Q4-2018Q4

This table reports summary statistics for the main variables used in the empirical tests. Rrev: is the close-to-close
returns on SPF submission deadline days. Rann; is the overnight return on BEA advance estimate announcement
days. Forecast errors (Ferr:) equal to realized x; minus forecasts at t. Forecast revision (Frev:) is defined as the
difference between forecast of the GDP growth rate at quarter ¢ and forecast of the same rate made at quarter ¢ — 1.
Realized value x; uses BEA advance estimate of quarter-t GDP growth rate announced at quarter-t + 1. All returns
exclude observations on non-trading days.

Table 2.1 summarizes the data used in the empirical analysis. Several things are worth noting.
First, there are no abnormal returns observed on non-announcement days. It is reasonable to believe
that on average there is no special news announced or events happened on revision days. Second, the
average announcement return is 15 basis points, while the standard deviation is only 0.67%. This
is consistent with a large literature on the macroeconomic announcement premium. Investors face
uncertainty and must be compensated for it.!3 Third, one can see that professional forecasters do
not have significant forecasting biases, at least at 1-quarter ahead horizons. Therefore, we assume

they are marginal investors who can generally represent the stock market participants.

2.2 Empirical Tests

Main Results. First, applying the methodology developed by CG15, specify the following re-
gression,
Ferry = a+ BpFrev, + . (3)

Second, the key relationship in this paper, between stock price reactions to forecast revisions

and price reactions to forecast errors, can be characterized by:
Rann; = o+ BpRrevy + &4, (4)

where Bp is the OLS estimate obtained from regressing the announcement day returns on previous

revision day returns in the same quarter. In addition, we control for forecast revision Frev,, forecast

13Ai and Bansal (2018) develop a framework for understanding the macroeconomic announcement premium based
on generalized risk sensitivity preferences.

MStark et al. (2010) analyzes the accuracy of forecasts, and finds SPF forecasts outperform benchmark projections
from univariate autoregressive time-series models at short horizons. The special survey of analyzing the panelists’
forecasting methods shows that, “20 of 25 respondents said they use a combination of mathematical/computer models
plus subjective adjustments to that model in reporting their projections.”



error Ferry, and changes in GDP growth rate defined as the difference between current and last
quarter advance estimate of GDP growth rates: Ax; = xy — x4_1.1°

The sign of Bs indicates patterns of ‘under-’ and ‘over-’ reaction relative to the representative
agent FI-RE benchmark, as noted by CG15.16 If 8s are insignificantly different from zero, the fore-
casters form expectations based on FI-RE. However, if §s are significantly positive, those forecasters
do not response sufficiently to new information, and vice versa. For example, 8 > 0 implies that
if the forecasters revise up their beliefs in response to news, ex post, they make positive errors
because they did not revise up enough. CG15 interpret the positive S as measuring the degree of

information rigidity. Table 2.2 displays the main results.

Table 2.2: Tests of GDP Growth Rate Expectations Formation Process in Stock Market

(1) (2) 3) (4) (5) (6)

Ranny Ferr; Rrev; Ranny

Rrev; -0.206** -0.199**
(0.084) (0.086)

Freuv; 0.393**  0.336* -0.128**  -0.051
(0.170)  (0.205) (0.055) (0.048)

Ferr, 0.032 0.035
(0.054) (0.060)

Az 0.009

(0.032)
Constant  0.145%**  0.179  0.098  0.148%%%  0.128%%  (.135%*
(0.057)  (0.131) (0.001) (0.062)  (0.059)  (0.055)
N 84 199 84 103 104 83
R? 0169  0.070  0.066  0.004 0.028 0.184

This table reports coefficient estimates of regressing first row variables on first column variables using Ordinary Least
Squares following CG15. Newey-West (lagged 5) standard errors are in parentheses. Note: *p < 0.1;"* p < 0.05;""* p <
0.01.

Column (1) demonstrates the paper’s main finding: the stock market appears to over-react to
new information, in the sense that stock returns on revision days negatively predict announcement
day returns. In order to understand why this is puzzling, let’s look at the results step-by-step.
First, column (2) shows that consensus forecast revisions positively predict forecast errors. This
confirms the results of CG15 that consensus forecasts apparently under-react to news.'” Second, as

you would expect, upward revisions of GDP growth increase stock returns (see column (3)). Third,

15The results remain robust if further controlling for one and two lagged level of realized GDP growth rate.

1Note that the terms of under- and over-reaction we use throughout the paper are interpreted as departures from
the representative agent FI-RE benchmark. While some literature interpreted those terms as rejections for rational
expectations assumption, this paper is totally based on rational expectations framework.

17CG15 attribute this result as the evidence of information rigidities. They show that the empirical evidence coincide
with two types of models, NREE models with Rational Inattention (Sims, 2003; Mackowiak and Wiederholt, 2009)
and sticky information models (Mankiw and Reis, 2002). In this paper, the model specification corresponds to the
first type.



column (4) shows that, although not significant, a positive surprise to forecasted GDP growth
increases the overnight return on announcement days. The above three facts imply that investors
revise up their expectations about future GDP growth rate when they receive positive news on the
revision day. This moves up the stock return on the same day. When the true value is realized
upon announcement, it turns out that forecasters made more mistakes in previous estimation and
did not revise up enough. In another words, the ex post realized GDP growth rate is even higher
than previously expected. Since a positive surprise should imply an increase in stock return, it
is natural to think that the announcement day return should also increase to reflect the positive
surprise. However, column (1) illustrates the opposite: the stock return at announcement day drops
significantly.'® Column (5) displays the negative predictability of forecast revision itself to stock
market reaction to forecast errors. However, this fact disappears and is replaced by the predictability
of stock market reaction to forecast revisions (column (6)).1?

These two empirical results are based on direct measures of economic agents’ expectations, and
do not depend on any auxiliary assumptions about economic models. Both point to a rejection
of the representative-agent FI-RE hypothesis, which could be driven by any of the following three
assumptions: representative-agent, full-information or rational expectations. CG15 attribute the
under-reaction to a rejection of full-information and the supportive evidence consistent with the
presence of information rigidities. Interestingly, evidence from the stock market, first documented in
this paper, points to the importance of heterogeneous agents with noisy and asymmetric information,
but still under the framework of rational expectations. In particular, in order to reconcile these
two empirical facts, there must be at least one agent who has superior information over the other.
However, this information advantage is still noisy, coming from public signal extraction instead of

from private and inaccessible information.

3 A Two-Period Model

In this section, we present a two-period NREE model to illustrate this paper’s basic intuition and

key economic mechanism.

3.1 The FIRE Representative Agent Benchmark

Consider an economy with a measure 1 of agents. Agents only live for two periods and maximize
their expected utility u (Cp) + E [u (C1)],2° with identical CARA preferences: u (C) = —e~¢. Each
agent ¢ is endowed with ¢; units of a Lucas tree that pays (z¢, z) on dates 0 and 1, where the payoff
on date 1 is uncertain with x ~ N (a‘c, Py 1). The total endowment in the economy is given, with
0 = [ q;di. There are two types of securities, a risk-free bond with interest rate normalized to zero,

and a risky asset with the market price P.

18 This effect is even more significant (8 = —0.3,t = —3.23) when using close-to-close return at announcement days.
9 Al the results remain robust if excluding the recent financial crisis period.
20For simplicity, the time discount rate and risk aversion are assumed to be 1.



The optimization problem for each agent can be characterized as:
C; E [u (C; 5
ci,o,g?ﬁi,&u( 1,0) + Efu(Ciy)] (5)
s.t. CZ’,O + B; + ;P =g (:1?0 + P)
Cip = ajx + By,

where Cj o, C; 1 denote the consumption at dates 0 and 1. B; and «; denote portfolio shares agent
i holds in risk free bonds and risky assets, respectively. The initial wealth of each agent is the
product of his/her initial endowment ¢; and the initial value of the risky asset, xo + P.

A competitive equilibrium is defined as follows: (i) Given the price P, agent i’s optimal deci-
sions {C,Ci1,q;, B;} solve the objective function (5). (ii) The goods market clears: [ Cjodi =
zof; [ Ci1di = 2. (iii) Bonds are in zero net supply: [ B;di = 0; and (iv) The stock market clears:
f a;di = 0.

The optimal solution yields agent i’s demand function for risky assets:

‘_E(:c)—P
4= Var (x) ’ (©6)

which gives o; = & — p, P. This implies the familiar result that an agent’s demand does not depend
on the initial endowment, such that «; = @ for all 4. Therefore, the equilibrium price is given by

0

Pa

P=z-

In this simple framework with perfect information, the representative agent owns the entire

Lucas tree. Price is decreasing in total endowment supply with the sensitivity of 1/p,,.

3.2 The Static NREE Model

Assume at date 0, agent 7 observes a noisy signal of z. In this case, information is heterogeneous.

The precision of this signal p, reflects the agent’s channel capacity:
si=1x4¢e;, i~ N(0,p 1),

where ¢; is independent of x and normally distributed with mean 0 and variance p_!.
Agents have rational expectations and update their beliefs according to Bayes’ rule based on

their own signals. Agent i’s posterior mean and variance are:

1
Elx|z+¢; z+ z+¢€;),
[z] il e+ p. s P ( i)l
1
Var [z|z +¢;] = .
Pyt Pe

Plugging in Equation (6) immediately gives: o; = p, T + p. (z + €i) — (p, + p.) P. Finally, using

10



the market clearing condition, [ a;di = 6, the price can be derived as

1
= P2 g4 P 4 6. (7)
Pzt Pe Pzt Pe Pzt Pe

Since the total asset endowment 6 is known to the agent, observing price will fully reveal the
information about the fundamental cash flow .

To prevent the price from being fully revealing in equilibrium, assume 6 is a random variable
and normally distributed with mean 0 and variance 1/py, 8 ~ N (0, pgl). As usual, € can represent
noise or liquidity trades. We simply refer to it as noise. Notice that 6 is mean-reverting to O,
meaning that noise must converge to zero in the long run. As a result, agents do not care about it,
even though price would respond to it in the short-run.

Since agents only care about fundamental cash flows x and the equilibrium price contains infor-
mation about it, agents learn from the observed price. Note that observing the equilibrium price is

equivalent to observing the following public signal of x:
Sp =T + ¢,

where e ~ N (0, pe_l) is independent of . Agent i rationally learns about = based on his/her own

signal s; and the public signal s, extracted from the price, with the posterior mean and variance

1

Elz|lx+¢e,x+e] = —— |p, T+ r+e)+ z+e)l,
[wlatenate = [ d g () o (@ o)
1
Var [z|z +¢€j,0+€] = ——.
px+ps+pe

The risky asset demand for agent i is: «; = p, T + p. (x +&;) + p. (x +€) — (py + p- + p.) P.
Using the market clearing condition, the price can be derived as:
Pz - petre petp. 1

Pyt P+ Pe Py + P+ Pe Pzt Pe T+ Pe Pe

where p, = p2py. See Appendix 6.2 for the proof.

LI : : 3 _ p5+pe i — 1+psp9
Define the sensitivity of price with respect to noise as ¢, = petpoin e P ppZrg >0
Similarly, the sensitivity of price with respect to the fundamental is defined as ¢, = % <1.

At announcements, there is no heterogeneous information. This reduces to a representative agent
framework. Observing the signal is equivalent to observing the true value of z. When p, — oo,
x is known, price fully reveals §. At the same time, ¢, — 1 and ¢y — 0. Prices react more to
fundamentals and, more importantly, less to noise.

This simple two-period model provides the following important intuition: prices are more sen-
sitive to noise when they are not fully revealing. However, given any precise information about
fundamentals, price becomes fully revealing. As a result, equilibrium prices are less sensitive to

non-fundamental noise shocks.

11



3.3 Under-Reaction

This section uses the above two-period model to rationally explain why consensus forecast revisions
appear to under-react to news. In another word, the predictability of consensus forecast errors from
forecast revisions. First, assume the economy has one representative agent who tries to learn about
unobserved fundamental x. Suppose the agent has the prior distribution of N (u, 02). Moreover,
the agent can observe a noisy signal s = z + ¢, where e ~ N (O, ag).

Suppose the agent is a ‘rational’ learner, so that Bayes’ rule gives the posterior mean as:

Elz|s] = A+ (1—A)s,

1

3\ -2
where A = —<—.
o272

Suppose there exists another operator £ under some arbitrary rules, which could be different

from the expectation operator E under Bayes rule. The forecast revision and forecast error can be

calculated as:

Elels]—p = 1=N@-p+0=-ANe,
x—E[x|s] = Az—p) —1-=Ne.

This implies,
Cov{z—&lx|s],E[x]s] —put=A(1—=N)o?—(1-N)?02

Hence, Cov{z — £ [x|s],E[z|s] — p} > 0 as long as A > )\, implying that forecast revisions
negatively predict forecast errors. The intuition is that when agents are Bayesians, forecast revisions
should not be able to predict forecast errors. If they did, agents would revise their beliefs to
incorporate this predictability in order to improve their forecasts. However, when there exists
some other non-Bayesian rules which overweight priors and underweight new information, forecast
revision will appear to under-react to news.

To see how it works under heterogeneous information models with rational learning, let’s extend
the representative agent framework a bit further. Assume there are two independent signals s; =
x4+ £1, and sg = = + €9 in the economy, where €; and €9 are i.i.d with N (0, ag).

First, suppose information is complete, and that one agent can observe both signals, Bayes’ rule
gives:

_ 1 _ 1 _
IE[x]s]:)\,u—i—i(1—)\)81—}—5(1—)\)527

1
1 0'12 1
Eel
€ £

Second, assume there are two agents in the economy with heterogenous information, in the sense

where \ =

that agent 1 only observes s1, whereas agent 2 only observes so. Each agent ¢ does rational learning
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without observing the other’s signal. The posterior of agent ¢ is derived as:

El’ [:E| Si] = )\,u + )\Si7

1
where A = f . The consensus forecast is simply the average of the two agents’ forecasts:
o2 o2
1 1 1
§{E1 [z s1) + Ea [z]| s2]} = /\/,L—|-§(1 —A) s+ 5(1 —A) s2.

Clearly, A > \. Therefore, the consensus forecast revisions positively predict forecast errors. The
intuition is that with heterogeneous channel capacities, agents observe heterogeneous information,
which produces endogenously heterogeneous forecasts. Although each agent rationally updates the
belief using his/her own information set, neither agent can observe the other’s signal. Aggregating
over both agents underweights the unobserved signals due to the incomplete information. This
captures the sort of information rigidities reported in CG15. It is important to notice that, the
consensus belief could not captured by any representative agent’s belief. Heterogeneity is crucial

under this rational framework.

4 The Full Model

This section develops a continuous time NREE model with predetermined periodic macroeconomic
announcements. There are two reasons for building a dynamic continuous time model. First, stock
prices respond to announcements immediately, but aggregate consumption or dividends do not.
Continuous time methods can capture this instantaneous change upon announcements. Second, a
dynamic model allows us to quantitatively simulate the economy, and thereby quantitatively account
for the empirical facts presented in Section 2.

More specifically, consider a general equilibrium model under noisy and asymmetric information.
Define the fundamentals as everything related to cash flows, while noise or non-fundamentals do
not.2! A shock is called fundamental if it has a permanent effect on output or cash flows. In
contrast, noise shocks are only transitory, and are uncorrelated with fundamentals. In this model,
fundamentals are the dividend level and latent growth rate, and noise is given by the stochastic risky
equity supply. There are two types of agents, informed and uninformed investors. Assume both
investors observe the dividend level and stock price, but not the latent dividend growth rate. The
informed investor obtains an additional noisy signal, reflecting his superior information processing
capacity (Sims, 2003). The predetermined announcements are assumed to reveal true realizations
of dividend growth rates. As a result, asymmetric information disappears, and the economy reduces

(temporarily) to a representative single agent economy.

21 Essentially, those fundamentals could be stochastic processes capturing exogenous changes in technology, prefer-
ences, endowments or government policy. Non-fundamentals could be the total equity supply, unobserved discount
rates from others, etc.
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4.1 The Economy
4.1.1 The Physical Environment

Let Dy, x¢, 6; be the exogenous dividend level, latent dividend growth, and total amount of noise

(risky equity supply). The physical environment can be written as follows:

th = (.CL't — HDt) dt + O'DdBD,t, (9)
dSCt = b (CE — xt) dt -+ O-deI,t7 (10)
d(gt = —Gﬂtdt + O'@ngﬂj, (11)

where dBp, dB;+, and dBy; are independent standard Brownian motions. The parameters op,
0z, and oy measure conditional volatility over an incremental unit of time with respect to Dy, s,
and 0;. When k = 0, the dividend process becomes non-stationary (containing a unit-root). When
k > 0, this process is stationary and mean-reverting, known as an Ornstein-Uhlenbeck (OU) pro-
cess. With CARA preferences, it is important that dividends and prices be stationary. To ensure
stationarity of dividends and prices, we assume x = 1. In this case, k measures the degree of mean
reversion. In contrast to standard noisy information models, where some “informed” investors have
private information and know the true value of fundamentals, the state variable x; is assumed to
be unobserved to all investors. a and b are positive constants governing the persistence of divi-
dends and noise. The noise/non-fundamental process specified in (11) has a zero long-run mean, so
0; represents the deviation of current non-fundamentals from the long-run stationary level. Even
though in the short-run noise fluctuates and induces temporary price changes, in the long run its

effect must converge to zero.

4.1.2 Information Structure and Pricing

Assume there is a fraction w of uninformed investors and a fraction (1 — w) of informed investors.
Let (2, F,P) be the underlying probability space. F*, F' denote the uninformed and informed
investor’s information sets, respectively. Assume all investors know the structure of the model and
underlying parameter values. They rationally update their beliefs based on their own information

sets, but due to Rational Inattention, never fully observe the true states.

Noisy information due to Rational Inattention. Following Kasa (2006) and Luo (2016),
we assume the informed investor observes an additional noisy signal s; about x; due to rational
inattention motive:

ds; = xdt + 05dBg . (12)

where o, is the signal volatility and dB;; is an independent Brownian motion.
This specification captures the idea that there always exists some freely available public infor-
mation about x;. Due to rational inattention, e.g. they may have a time constraint or limited

information processing capacity, investors may not choose to process such information. The repre-
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sentative uninformed investor captures this type of agent. On the other hand, investors can also
choose to obtain a noisy signal by allocating attention to this public information, e.g. devoting
more effort to collect and process information. These provide the micro-foundations for informed
investors. The amount of attention allocation or information processing capacity determines the pre-
cision of the signal 1/0 in equation (12).2? Therefore, informed investors have all the information

of the uninformed, but they also have an additional noisy signals about fundamentals.

Information structure on non-announcement days. On non-announcement days, both in-
vestor types update their beliefs about fundamentals x; using realized dividends D;, and more
importantly, the stock price P;.. Neither can observe the stochastic non-fundamental noise 6; di-
rectly. While the equilibrium price fully reveals 6; to the informed investor, it reveals a com-
bination of §; and the informed investor’s signal to uninformed investor. Therefore, by rational
learning from stock prices, uninformed investor cannot distinguish between noise and the informed
investor’s beliefs about fundamentals. Hence, the information structure is summarized as follows:
FU={D,, Py7 <t}, F' ={D;, Py, s;,0;;7 < t}. Obviously, F* C F' C F.
Define the posterior mean and variance of informed investors as E [wt | fi] =1, E [(a%t — :m)2 ] ]-'Z} =

G (t). Further, define the posterior mean of uninformed as E[x: | FY] = &, E[2¢ | F¥| = T4,
E[6; | F*] = 6y, and the posterior variance-covariances as §;; (t) = E [(191 (t) — 9 (t)) (ﬂj (t) — 0, (t)) | .7:“},

T
where 9y = | oy Iy 0 } includes their unobservables. In addition, by tower property, E [z, | F"] =
E [E [a;t | F'| | F “] = &y = Z; a.s. This implies that the posterior mean estimation of z; from un-
informed investor must be the same no matter he/she estimates directly from the true state x, or

learn from the posterior of the informed Z; indirectly.

Information structure on announcement days. Assume there are pre-determined announce-

ments at times nT (n =1,2,...). Within each announcement cycle, ¢ € [0,T], denote .~ and .* as
a variable right before and after the announcement.

Announcements provide information, and play two roles in affecting the market equilibrium.
First, announcements fully reveal the true fundamentals x; to all investors, as a result, jz} = :E} =
z7 and t = 0, representing a restart of another announcement cycle. Second, upon announcements,
price is fully revealing and asymmetric information is removed between the two types of agents.

This further reveals 6; to the uninformed, gives é; =0Op.

Equilibrium market price. Generally, the equilibrium stock price P; depends on all the state
variables Dy , 0,2, and ;. Following the standard approach of solving NREE models, solving for

the equilibrium pricing function proceeds as follows: first guess a functional form using undetermined

*Han, Kasa, and Luo (2019) introduce heterogeneous information processing capacities between institutional in-
vestors and households to motivate households’ delegation to financial intermediaries. Kacperczyk, Van Nieuwerburgh,
and Veldkamp (2016) document cyclical allocation of attention of fund managers based on Rational Inattention. Luo
(2016) shows the observational equivalence between a fixed information processing capacity and an exogenous specified
signal-to-noise ratio.
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coefficients, then use it to solve the agents’ optimization problems, and then compute the coefficients
by imposing market clearing conditions.

To begin with, conjecture the equilibrium price takes the following linear form:

Pr=0¢(t)+¢pDi+ ¢g (t) O + ¢, (1) Tt + P (F) Tt (13)

where ¢y (t) < 0, ¢, (t) > 0 and ¢4 (t) > 0 are time-varying sensitivities of price with respect to
noise 6¢, and informed and uninformed investors’ posterior beliefs about fundamentals Z; and Z,
respectively. The crucial element in this paper is allowing these sensitivities to be time-varying.
Unlike the steady state models of Grossman and Stiglitz (1980) and Wang (1993), time-varying
sensitivities are necessary to generate the predictability of price reactions to expectations forma-
tion. The reason is, stock price reacts more strongly to noise on non-announcement days due to
asymmetric information, but becomes fully revealing to everyone upon announcements. Therefore,
¢ (t) must change over time to reflect different price sensitivities. More precisely, suppose on a
non-announcement day, there has been a negative shock in 0; which drives down the stock price.
Since price is less sensitive to §; upon announcements (¢ (t) is smaller), shocks to 6; are not per-
ceived as riskier as that on non-announcement days. Price must go up to reflect this reduction in
uncertainties. Therefore, stock prices on non-announcement and announcement days are negatively
correlated given the same shocks.

Given the conjectured price function, it is clear that the equilibrium price reveals 6; to in-
formed investors ({Dy, 3¢, 7} € F' implies F* = {D,, s;,%r,%,,0,;7 <t}). On the other hand,
since {Dy, #;} € F', observing price would not fully reveal true values of §; and #; to uninformed
investors. However, they effectively observe a combination of them: ¢, (t)Z; + ¢ (t) 6;. Define
Cp = ¢y (1) Tyt @y (t) B¢, uninformed investors’ information set could equivalently be written as F* =
{D;,&,,C ;7 < t}. This further implies ¢, = E[¢, | F¥] & ¢, (t) &t + ¢p () 0; = b, (t) Tt + ¢ (1) 0;.
Therefore, one can view 6; as depending on existing state variables, which can be excluded from

the price function:

¢, (1) ¢, (1)
P () P ()

where Ay = I; — Z; is the difference in estimated fundamentals between informed and uninformed

ét:9t+

(B¢ — &) = 0 + Ay, (14)
agents. The following proposition summarizes the equilibrium pricing function:

Proposition 1. In the interior, t € [(n — )T, nT~|, n = 1,2,..., the equilibrium price func-
tion takes the following linear form, measured with respect to informed and uninformed investor’s

information sets, F', F*, respectively:

Po= ¢@)+opDi+ ¢y (t)0:r — o (t) At + &34, (15)
= ¢ (t)+dpDi+ g (t) 0 + 6,4, (16)

where ¢p = -, ¢, = 6, (1) + ¢ (t) = £2, and ¢y (t) < 0.

Proof. See Appendix 6.5 for the proof. O
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For the informed investor, a positive shock to #; reduces the equilibrium stock price and increases
its expected return (¢, (t) < 0 and eg (t) > 0). Intuitively, increases in 6; make the the agent’s port-
folio riskier. Therefore the expected return must increase because investors require compensation
for risk. Similarly, 0, characterizes the uninformed investors’ beliefs about #;. Whenever their per-
ceived equity risk increases, their expected return also increases. Moreover, the informed investor
has an informational advantage, A;, coming from the additional noisy signal. When A; < 0, the
uninformed investor is unduly optimistic. This drives up the stock price since ¢ () > 0. However,
the informed investor knows that the future announcement will correct for this “over-estimation”
by uninformed investors. Hence, the future price must drop to reflect this correction. There-

fore, the informed investor’s expected return is negatively correlated with the estimation difference
(ea (t) > 0).

4.1.3 Filtering Problem

The informed investor tries to learn z; using his/her information set F* while the uninformed

i
investor tries to learn ¥, = [ Ty Ty Oy } based on F*. The following lemma summarizes the

posterior conditional distributions by applying Liptser and Shiryaev (2001) Theorem 10.3:

Lemma 1. In the interior, t € [(n — 1)TT,nT~], n = 1,2,..., the Kalman filter equations for the

informed investor’s conditional mean and variance are given by:

7 (t) . ~ 7(t) . A
diy = b(a—andt+ Wapy, + Wagp,, (17)
oD O
dg(t) = [oF —2bG(t) —6¢° (t)] dt (18)
where 6 = U% + % dBD,t = % [dD; — (Zy — kDy) dt], and df)’s,t = Ui (dsy — &dt) are innovations
D s s

corresponding to (9) and (12), respectively.
For uninformed investors, the filtering equations for conditional mean and variance can be writ-

ten as

d¥; = b(Z— i) dt + hiy (t)dBpy + hia (t) dBe 4, (19)
d0; = —abydt + hoy (t)dBp s + hoo (t) dBe, (20)

where the coefficients hi1 (t), hia (t), ho1 (t), hez (t) and innovations dBp,, dBc; are given in
Appendiz 6.3. The conditional variance-covariance matriz 4 (t) satisfies the equivalent conditions

and stochastic processes defined in Equations (47) and (49) in Appendiz 6.2.
Proof. See Appendix 6.3 for the proof. O

Note, Equation (47) implies that the uninformed investor’s posterior variance of z; is a sum-
mation of the informed investor’s posterior variance of z;, and his/her posterior variance of ;. As
mentioned earlier, even though the posterior mean has to be the same whether learning from the

true state x; directly or from informed investor’s posterior z; indirectly, the posterior variances are
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different. Intuitively, uninformed investor knows that learning would reduce the estimation error.
As a result, compared to learning directly from the true state, learning indirectly from informed
investor’s posterior would reduce the amount of estimation variance already deducted by informed
investor.

Furthermore, the distribution of the estimation difference A; between informed and uninformed

investors can be obtained immediately:
dAy = —anp (t) Awdt + oap (1) dBDJg +onas (t) st,t + opapdBy,, (21)

where aa (t), oap (t), oas(t), and oag are given Appendix 6.4 Note that A; is an OU process,
mean-reverting to zero under the informed investor’s information set. This shows that, in the long
run, the estimation error is only temporary without announcements. The reason is, both investors
are rational and are estimating the same underlying process for x;. Even though uninformed
investors have less estimation precision, in the long run, the estimation difference between two
types of investors converges to zero with more information. More interestingly, macroeconomic
announcements reveal the precise information periodically, reducing A; to zero whenever t = nT.
Define the excess return @; under informed and uninformed investors’ information sets F?, F* as
Q! and Q¥ respectively. Under the proposed functional form for the equilibrium price in Proposition

1, their stochastic processes could be formulated as follows:

dQi = eo(t) +eq(t)0; +en (t) A dt + bl (t)dBp s + b (t) dBs + bl (t) dBy,, (22)
dQr = leg(t) +eq(t) ét} dt + b (t) dBpy + b (t) dBey, (23)

where the coefficients are given in Appendix 6.5. Hence, the expected returns are E [in | ]-"i] /dt =
eo (t) + eg (t) 0; + e (t) Ay, and E [dQY | F¥] /dt = eq (t) + eg (t) 0y, respectively.

It is clear that both investors’ expected excess returns depend on noise. For the informed
investor, a positive shock to #; reduces the equilibrium stock price and increases the expected return
(g (t) < 0 and ey (t) > 0). Intuitively, increases in §; make the equity riskier, which then increases
the expected return because investors require compensation for risk. Similarly, 0, characterizes the
uninformed investor’s beliefs about 8;. Whenever the total equity they perceived become riskier,
their expected return also increases. Moreover, the informed investor has information privilege
over Ay, coming from the additional noisy signals obtained due to Rational Inattention. When
A; < 0, the informed investor’s posterior belief about fundamentals is lower than that of the
uninformed. This drives up the stock price since ¢ (t) > 0. However, the informed investors know
that announcements will eventually correct for this “over-estimation” by uninformed investors. And
future price must drop to reflect this correction. Therefore, the informed investor’s expected return

is negatively correlated with the estimation difference (ea (t) > 0).
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4.2 Equilibrium Conditions on Non-Announcement Days

Assume there are pre-determined announcements every period at times nT" (n = 1,2,...). Within
each announcement cycle, ¢ € [0,7]. On non-announcement days, investors solve optimization
problems in the interior (0" < ¢ < nT~,n = 1,2,...). The optimal solutions determine a system
of ODEs. At the announcements, investors solve the optimization problems at the boundary (¢t =
0 = nT*)?3. Combining the ODEs with the boundary conditions complete the dynamic equilibrium
system.

Assume both investors have exponential utilities. This makes asset demands and equilibrium
prices independent of the distribution of wealth. A benefit of this specification is that value functions
turn out to be quadratic functions of the state variables. This delivers a linear functional form for

the equilibrium price, which then verifies the conjectured pricing function in Equation (13).

4.2.1 Optimization Problem on Non-Announcement Days

Now consider an informed investor who has wealth W}, consumption C}, and who invests a; shares
into the risky security. On non-announcement days, the optimization problem for the informed

investor in the interior is written as:

T—t .
J(tLW0,A) = maXEU —e P Cireds + T (T, Wr, 07, Ar) | F'
0

at,Cy

subject to (22), (11), (21), and
AW} = (Wir — C}) dt + 04dQy, (24)

where p is the discount rate and r is the exogenous risk free rate, which we assume is constant.

Similarly, the uninformed investor’s optimization problem can be written as:

. T—t o _
U _ _,—ps—C} . - U U
v(t,W,e) én%xIE[/o eP~Clisds 4+ V <T,WT,9T)]]-"],
subject to (23), (20), and

where W}, C{* and 3, are the uninformed investor’s wealth, consumption and risky asset portfolio

allocation.24

The following lemma summarizes the solutions:

#Notice that the moment right after each announcement cycle (t = nT™) is the same as the restart of another
announcement cycle (¢t = 0).

241t is important to note that there may exist multiple equilibria. Investors’ value functions could depend on &,
and Z;. In order to simplify the optimization problem and keep the tractable quadratic formula of the value function,
we impose Assumption 1 in Online Appendix 6.9. It can be proved that the unique equilibrium conditional on the
conjectured value function would finally converge to satisfy the pre-imposed assumption.

19



Lemma 2. In the interior (07 <t < nT ,n = 1,2,...), the informed investor’s value function

takes the following form:
J(t, W 0,A) = — W' 9t0A) (26)

where g (t,0,A) is a quadratic form:

1 1
g(t,0,A)=g(t)+go(t) 0+ 2900 (t) 07 + ga (1) Ay + 3924 (t) A7 + goa (1) 012 (27)

The uninformed investor’s value function takes the following form:

1% (t, W, é) — oW (80), (28)

where f (t, é) 18 a quadratic form of:

2

F(8:8) = £ )+ fo (0B + L fon (155, (29)

where the coefficients are time-varying and satisfy the ODE system defined in Equation(56) and
(57) in Appendiz 6.6.

The optimal risky asset demand is:

oy = Qg (t) + (t) 0 + an (t) At, (30)
Be = Bo(t)+Be(1)br, (31)
where ag (t), ag (), aa (t), By (t) and By (t) are defined in Appendiz 6.6.

Proof. See Appendix 6.6 for the derivations. ]

4.2.2 Market Equilibrium

Now, combine the policy functions derived in the previous section with market clearing conditions
and derive the full coefficients system in the interior. Total risky asset demand must equal to supply

in equilibrium, thus, market clearing requires:
(1 —w)[ao () +ag (1) 0: + aa () Ad] + w [50 (t)+ By (t)0e| = 6r. (32)
Combining the above equation with (14) and match the coefficients yields

0 = (I-w)ao(t)+wpy(t), (33)
1 = (1-w)ag(t) +why (1), (34)

0 = (1—w)an(t)+wb, () ZZ Eg

Using ag (t), ag(t) aa(t) , By (t), By (t) to simplify the coefficients system. This completes
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the proof of the value function coefficients ODEs system in Lemmas 2 (See Appendix 6.6 for the

derivations).

4.3 Equilibrium Conditions at the Announcements

The informed investor’s optimization problem at the boundaries (at announcements) is:

_e—’l’W'L*_g(T70T,AT) — max {_E |:€—7"Wi+—g(0,9T70) ‘ P]}
ar
st. Wit = Wi +ar (Pf —P;).

Notice that upon announcements, only price will jump from P; to P:,Jf , while the consumption
level would not change because of the continuity. Therefore, the law of motion for informed investor’s
wealth so that the value function would change accordingly, which determines the optimal asset
allocation at the boundary. The following corollary summarizes the solution:

Similarly, the uninformed investor’s optimization problem at the boundaries (at announcements)

is:

—e W —f(Tr) WM LR [_e_rB(P;:—P;)—f(o,eT) | Fu
B
st. Wit = Wi+ B (Pf—Py).

Market clearing requires the total equity demand equals total supply at the announcements:
(1 — w) @+ wf = Op. This implies

¢I,T
dor T _

co + cobr + caA A7 n wdo + dgfr + dp

(1-w) rog rﬁq

or. (36)

Lemma 3. At the pre-determined announcement T (equivalent to periodical announcements nT,
n=1,2,...), the optimal portfolio choice for informed investor is:
co + cofr + caAAr

= 37
“r roy (37)

where co = ¢ (0) — ¢ (T), cp = ¢ (0) — ¢g (T), ca = da (T), and ag = ¢rar.
The optimal portfolio choice for uninformed investor is:

do + dgtir + dp 52T A
BT_ T,Bq

(38)

where dy = ¢ (0)—¢ (T)+ fo (0) Goo, 70, 7 (P70, — u760), do = o1 <¢0,T¢9,0 + %% - 1> ,

. 2 .
and B, = ¢24r + (br. 1090 — Gybor) G221
The boundary conditions are summarized in Lemma 4, 5 and 6 in Appendix 6.7.
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Proof. See Appendix 6.7 for the proof. O

It is easy to see that without time-varying pricing coefficients, the value function would not

change upon announcements.

4.4 Stock Market Reactions to Expectations Formation

Upon macroeconomic announcements, the stock market reaction to forecast error can be defined

as:

Pl —Pp = [6(0) = &(T)]+ [0 (0) — &g (T)] 07 + &, (w1 — &1) + ¢4 (T) At

Rewritten the price reaction upon announcement into the public information, the following

proposition could be derived immediately:

Proposition 2. Stock market responses to macroeconomic forecasts revisions can be constructed as

Pis—PF = [p(t+9)— o () +dp(Diys — D) + {% (t+0) 05 — dg (t) Or| + &y (Fr45 — H9)

where § denotes the time interval when investors process information and revise their beliefs.

Subsequent market responses to forecast errors are defined as

Pp —Pr = [¢(0) = ¢ (T)]+ ¢4 (0) (HT - éT) + ¢, (x7 — Z7) + [ (0) — ¢ (T)] 0. (40)

Since the investors have made optimal decisions given their own information sets, the revisions
should not predict the surprises upon announcements, i.e. <0T — 9T> and (zp — Z7). Thus, the
only predictable component comes from [¢y (0) — ¢y (T)] O7. ¢y (t) measures the sensitivity of stock
price to noise. As in the toy model, it is clear that ¢, (t) is a negative and decreasing function and
|69 (0)| < |¢g (T)]. Upon announcements, price becomes less sensitive to noise. Given 67 is public
information, this sensitivity change is expected by the market and becomes predictable before the
announcement.

The above proposition provides the intuition for why the stock market response to information
is time-varying. When public information is imprecise, prices respond more to noise. The existence
of asymmetric information amplifies the impact of noise. Since price is sensitive to the dividend
growth rate, it provides information about fundamentals. Investors thus extract information from
the market price. More noise trading from uninformed investors makes prices less informative about
future cash flows. To illustrate the intuition, suppose there is a negative asset supply shock, which
increases the stock price. Under information asymmetry, uninformed investors cannot distinguish
between stronger fundamentals and a temporary reduction in asset supply by just observing a rise
in the stock price. Through rational learning, they attribute the price increase as a weighted average

of both fundamental and noise.?® Therefore, uninformed investors further revise up their beliefs

25 Chahrour and Jurado (2018) prove that a news representation is observationally equivalent to a noise representa-
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about fundamentals, thus price must further rise to clear the market. Since the stock price is more
sensitive to noise, it over-reacts to them and deviations from fundamentals accumulate between
announcement days. However, upon macroeconomic announcements, price becomes fully revealing,
removing the information asymmetry.?6 The market corrects for both the deviations of expectations
from the true value of fundamentals, and more importantly, the accumulated market over-reaction
to noise. Since price is less sensitive to noise without asymmetric information, market price upon
announcements must correct the mistaken over-reactions to noise. Therefore, at announcements,
the price reaction to announcements can be negatively predicted by previous price reactions to belief

revisions.

5 Quantitative Results

This section combines the interior and boundary conditions obtained in the previous section to solve
the ODE system of time-varying price sensitivities and value function coefficients. It then presents
a quantitative analysis and demonstrates that the model can account for the stylized empirical facts

documented in Section 2.

5.1 Estimates

Table 5.1 contains calibrated and estimated benchmark parameter values. First, preference param-
eters are chosen to be consistent with the literature: the discount rate p = 0.01 and the mean
relative risk aversion is & = 3.5. Second, several parameters are calibrated to match outside data.
The risk free interest rate r = 1.5% is calibrated to match US data for the period 1968-2018. o4 = 1
is calibrated to match the volatility of the price/dividend ratio. The model produces a mean log
price/dividend ratio of 43.6%, compared to 41.8% in the data.?” o, = 0.57 is calibrated to match
return volatility. The model-predicted return volatility is 17.6%, which reasonably matches the
empirical annual volatility of 17.3%. Lastly, the remaining parameters (a, b, 09, 0s) are jointly cali-
brated to match the key results in this paper, i.e., the two regression coefficients reported in Section
2. In general, the model-predicted regression coefficients match the data well. The model implied
return response coefficient Sp is -0.18 and the information rigidity coefficient of CG15, B, is 0.40.
In the data they are -0.21 and 0.39, respectively. The results are discussed in detail in Section 5.3.

5.2 Model Solutions

Under the benchmark parameter values in the Table 5.1, ¢ = N}rr = 0.9852, ¢, = lﬂ% = 4.5824.

Other coefficients are time-varying, and are depicted in Figure 5.1 and Appendix 6.1. The first

panel of Figure 5.1 shows that the magnitude of ¢ (¢) is smallest at announcements (¢ = 0) and

tion of fundamentals and beliefs.

26 Announcements provide information and reduce the uncertainties about the underlying fundamentals. The re-
duction in uncertainty is reflected and priced in the option market, and option-implied variance drops as we could see
in the data.

*"The price/dividend ratio data is from Robert Shiller’s webpage.
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Table 5.1: Parameters

Para. Value Description Para. Value Description
r 0.015 risk free rate 7 1 div. volatility
p 0.01 time discount rate Os 0.7 inverse of signal precision
z 3.5 mean div. growth o 0.57 unobservable volatility
b 0.2 persistence of div. growth o) 3 noise volatility
a 0.01 persistence of noise w 0.5 fraction of uninformed investor

This table displays annualized parameter values used in the simulation.

oo (nT), n=1,2,...T. Tts magnitude then increases as information endogenously becomes imperfect
and asymmetric due to the heterogeneous channel capacities. Uncertainty increases and the stock
price becomes more sensitive to noise due to asymmetric information. On announcement days (at
time 0), the fundamental is realized (posterior mean of x; drops to z;). As a result, uncertainty
drops. The stock price is less sensitive to the same amount of noise shocks. Therefore, a previous
increase in price predicts a subsequent price drop upon announcements. This gives rise to the
negative predictability of market responses to forecast errors.

The second and third panel display the time varying sensitivities of ¢ (t) and ¢, (¢). It shows
clearly that informed and uninformed investors have opposite price sensitivities to the fundamen-
tal shocks. ¢ (t) measures the uninformed investors’ sensitivity. It is smaller with imperfect
and asymmetric information and largest right after the announcement. The uninformed investor
becomes informed when information is perfect and symmetric. They would not “mistake” noise
as fundamentals. As a result, their price sensitivities with respect to fundamentals becomes the
largest at the announcements. On the other hand, the informed investors could benefit from their
higher channel capacities on non-announcement days. They have more precise information about
the fundamentals than the uninformed investors. Therefore, their price sensitivities with respect to
fundamentals are larger. However, this information advantage is eliminated upon announcements.
This explains the their smallest price sensitivities on announcement days. Although the price sen-
sitivities are different for two types of investors, their summation, ¢,, is a constant. As shown in

the next section, price responses to forecast errors are driven by time varying ¢, (t).

5.3 Quantitative Results

In order to match the empirical facts documented before, assume revisions occur at the middle of
each quarter, when the professional forecast survey is submitted (¢t = nT, 7 = 45). Therefore, the

stock market reaction to forecast revisions can be characterized as:

Poprir—=Pyr = [pt+7+1) =0+ 7))+ ¢p (Ditrt1 — Ditr)
+ [ﬁba (t+741)Opprpr — o (t+7) étw] + ¢y (Ttr+1 — Ttgr) -
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Figure 5.1: Time Varying Price Sensitivities
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To test whether stock market reactions to forecast revisions predict stock market reactions to

forecast errors, run the following regression using model simulated data:

(A) P(—:hLl)T - P(:L+1)T = ap+ /BP (PnT+T+1 - PnT+T) +ep.

In order to confirm the intuition that the predictable component must come from price reac-
tions to noise, further decompose the price reactions to forecast errors into three parts (in terms
of informed investor’s private information set and public information) and perform the following

experiments:

(A1) by [Tenr — Fmenyr] =+ Bpo (Paryri1 — Paryr) +ep
(A2) ¢,(0) [9(n+1)T - é(n—l—l)T] = ap+ Bps (Puriri1 — Paryr) +ep

(A3)  [99(0) = 09 (D) Ony1yr = ap + Bps (Partr+1 — Paryr) +ep.

Mapping into the empirical exercise, the relationship between consensus forecast revisions F Ry

and consensus forecast errors F'E; can be expressed as

FR,r = (1 - W) [CACnT+T+1 - jnTJr‘r] +w [jnT+T+1 - i'nT+7']

FE,r = Zprir+1 — [(1 = W) Turgrs1 + WTnrpri1) -

To test whether consensus forecast revisions predict forecast errors, specify:

(B) FE,v = ap+ BpFRayr +¢F.
(B'l) LT+ 1)TH+r — i'(n-&-l)T—i-T = a:% + 6912 [‘f(n-&-l)T-i-T - jnT+T+1] + 5912
(B.2) T(ni1)4r — Enr1)rar = b + B [Ens1yrar — Enrir1] + ek
Table 5.2 summarizes the model implied quantitative results. The intuition can be summarized

as follows. On non-announcement days, information is asymmetric. Since price contains information

about fundamental cash-flows, investors try to extract information from it. A positive shock to
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Table 5.2: Quantitative Results

(4) (A1) (A2) (A.3) (B) (B.1) (B2

Coefficient  -0.1792%**  -0.0000  0.0001 -0.2130%**  0.4032%**  0.0563  0.0950
(0.006)  (0.005) (0.001)  (0.003) (0.055)  (0.039)  (0.067)
Constant -0.000  -0.003**  -0.000 0.001 -0.000%%  -0.000%* -0.000*
(0.001)  (0.001)  (0.000)  (0.001) (0.000)  (0.000)  (0.000)

This table presents the regression coefficients based on specifications in number (1) to (9). The simulation is 5e5 years
with quarterly macroeconomic announcements and daily stock prices. The maximum ODE convergence tolerance is 2e-
12 for the simulation. Panel A and B use the same paths of random shocks. Note: *p < 0.01;** p < 0.005;*** p < 0.001.

fundamental dividends and negative shock to noise 8; both increase the stock price. Informed
investors know exactly the fraction of shocks coming from 6; because price is fully revealing to them.
However, uninformed investors do not. Suppose there is a negative shock to 6;. Informed investors
rationally attribute the resulting increase in price as a combination of shocks from dividends and
f;. This gives rise to an increase in their posterior beliefs about fundamentals Z;. As a result, price
further increases to clear the market. This generates over-reactions to noise on non-announcement
days. Upon announcements, uncertainty is reduced and information asymmetry is eliminated. The
stock price must fall to correct for those mistaken accumulated beliefs about noise from uninformed
investors on non-announcement days.

It is important to remember that because agents update and revise their beliefs through rational
learning, the future estimation error in fundamentals can not be predicted ahead of time. Hence,
only price reactions to noise, ¢, can potentially be predicted by responses to revisions. The market
price reacts to noise only if the equilibrium price upon announcements has different sensitivities to

it (i.e. ¢y (t) is time-varying).

5.4 Robustness

Table 5.3 shows that the results are robust for alternative parameter values. In general, the results
are robust in response to variation of the parameters. There are several things to be noticed.
First, with a higher w (e.g. w = 0.7), the proportion of uninformed investors increases, and the
information asymmetry becomes more severe. In response, price becomes more sensitive to noise
on non-announcement days. At the announcements, price reverses back by larger extent to its true
value as information becomes symmetric. This explains the larger absolute value of 5p (0.182) with
larger w. Moreover, a larger population of uninformed investors naturally induces a more imperfect
information in the economy. This increases the degree of information rigidity, which produces a
higher S of 0.433. Second, higher channel capacity of the informed investor will increase the signal
precision and decrease os. As a result, the degree of information rigidity S is as high as 0.683 and

price will be less sensitive to the noise with |5p| as small as 0.129 under the case of o5 = 0.2.
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Table 5.3: Parameter Robustness

Benchmark w=02 w=07 o0,=0.2 os=15 0,=04 0,=07 04=08 o04=1.2

Bp -0.1792 -0.1791  -0.1815  -0.1285 -0.2051 -0.0496 -0.6475  -0.2941 -0.1671
(0.006) (0.006)  (0.006) (0.006) (0.006) (0.004) (0.009) (0.006) (0.006)

Br 0.4032 0.2024  0.4332 0.6826 0.1940 0.4359 0.3900 0.3081 0.4906
(0.055) (0.045)  (0.062) (0.024) (0.064) (0.077) (0.045) (0.047) (0.061)

cp=1 o09g=5 a=0.005 a=0.015 b=015 b=0.25 z=1 z=6

Bp -0.0840 -0.2457  -0.4066  -0.1483  -0.5652  -0.0766  -0.2129  -0.2129
(0.011)  (0.005)  (0.007)  (0.006)  (0.009)  (0.005)  (0.006)  (0.007)
B 0.3707  0.4080  0.4057 0.4057  0.4028  0.4027  0.4057  0.4057

(0.054)  (0.055)  (0.055)  (0.055)  (0.055)  (0.055)  (0.055)  (0.055)

This table reports the robustness check for calibrated parameter values. “Benchmark” uses parameter values from
Table 5.1. The maximum ODE convergence tolerance is le-10 for all simulations. All results are significant with

p < 0.001.

5.5 Price Volatility

Price volatility takes the following form,

op(t) = \/ (op1 (8)° + (0p1 (1)* + (0p3 (1)

where op) (t) = pop+,2-—da, <(1 — h12,¢54) 25 — hll,tUD)a opa(t) = ¢yt —dp; (1= hi2id,,) &,
op3(t) = @00 (1+ ¢al12s)-
Within each announcement cycle (one quarter), the price volatility and the decomposition of it

are depicted in Figure 5.2. The left panel shows that volatility drops at the announcements (¢t = 0);

Figure 5.2: Price Volatility within One Announcement Cycle
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and the right panel shows that op3 (t) is the driving force of the price volatility. This mainly comes

from the sensitivity of price with respect to noise, i.e. ¢y (t), is smaller upon announcements relative
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to non-announcement days. Following announcements, both agents obtain full information. We
show that a time-varying information structure can explain a seemingly puzzling empirical result,
namely, that realized volatility does not change following announcements. Although increased
information following announcements would by itself increase volatility, the endogenous reduction

in price sensitivity offsets this.

6 Conclusion

This paper began by documenting a new empirical fact, namely, that stock market responses to
macroeconomic forecast revisions negatively predict future market responses to forecast errors.

We then develop a model to show how this predictability arises in a Rational Expectations
equilibrium. The key new ingredient in our model is periodic announcements of macroeconomic
data, which enables investors to correct their existing estimation errors. Between announcements,
estimation errors can accumulate, since the underlying state remains hidden. We then go on to show
that a reasonably calibrated version of the model can not only replicate the sign of the relationship,
it can also match the data quantitatively.

To simplify computation of the equilibrium, this paper relied on exponential preferences, which
delivers a convenient linear pricing function (albeit with time-varying coefficients). Unfortunately,
this specification makes the model ill-suited to study risk premia. In particular, using a generalized
class of risk-sensitive preferences, Ai and Bansal (2018) show that macroeconomic announcements
produce a significant ‘announcement premium’. Hence, it might be useful to revisit the questions
addressed here using their preferences. Another possible extension would be exploit other data
sources on survey expectations. For example, rather than focus on the aggregate stock market
using macroeconomic surveys, the analysis here could be replicated using I/B/E/S data on analyst
forecasts of the earnings of individual firms. Finally, a third possible extension would be to exam-
ine the model’s implications for trading volume. Our model predicts that trading volume should
trend up between announcements, and then drop rapidly following an announcement. It would be

interesting to see whether observed trading exhibits this sort of time variation.

28



References

Ai, Hengjie, and Ravi Bansal, 2018, Risk Preferences and the Macroeconomic Announcement Premium,
Econometrica 86, 1383-1430.

Basak, Suleyman, 2000, A Model of Dynamic Equilibrium Asset Pricing with Heterogeneous Beliefs and
Extraneous Risk, Journal of Economic Dynamics and Control 24, 63-95.

Basak, Suleyman, 2005, Asset Pricing with Heterogeneous Beliefs, Journal of Banking & Finance 29, 2849—
2881.

Caplin, Andrew, and John Leahy, 1994, Business as Usual, Market Crashes, and Wisdom after the Fact,

American Economic Review 84, 548-565.

Chahrour, Ryan, and Kyle Jurado, 2018, News or Noise? The Missing Link, American Economic Review
108, 1702-36.

Coibion, Olivier, and Yuriy Gorodnichenko, 2015, Information Rigidity and the Expectations Formation
Process: A Simple Framework and New Facts, American Economic Review 105, 2644-2678.

Easley, David, Soeren Hvidkjaer, and Maureen O’hara, 2002, Is Information Risk a Determinant of Asset
Returns?, Journal of Finance 57, 2185-2221.

Easley, David, Nicholas M Kiefer, and Maureen O’Hara, 1997, One Day in the Life of a very Common Stock,
Review of Financial Studies 10, 805-835.

Goldstein, ITtay, and Liyan Yang, 2017, Information Disclosure in Financial Markets, Annual Review of

Financial Economics 9, 101-125.

Grossman, Sanford J., and Joseph E. Stiglitz, 1980, On the Impossibility of Informationally Efficient Markets,

American Economic Review 70, 393-408.

Han, Leyla Jianyu, Kenneth Kasa, and Yulei Luo, 2019, Ambiguity and Information Processing in a Model
of Intermediary Asset Pricing, Unpublished Working Paper.

Hellwig, Martin F, 1980, On the Aggregation of Information in Competitive Markets, Journal of Economic
Theory 22, 477-498.

Huang, Lixin, and Hong Liu, 2007, Rational Inattention and Portfolio Selection, Journal of Finance 62,
1999-2040.

Kacperczyk, Marcin, Stijn Van Nieuwerburgh, and Laura Veldkamp, 2016, A Rational Theory of Mutual
Funds’ Attention Allocation, Econometrica 84, 571-626.

Kasa, Kenneth, 2006, Robustness and Information Processing, Review of Economic Dynamics 9, 1-33.

Liptser, Robert S, and Albert N Shiryaev, 2001, Statistics of Random Processes II: Applications vol. 6.
(Springer Berlin) 2nd, rev. and expanded ed. edn.

Luo, Yulei, 2016, Robustly Strategic Consumption-Portfolio Rules with Informational Frictions, Management
Science 63, 4158-4174.

29



Mackowiak, Bartosz, and Mirko Wiederholt, 2009, Optimal Sticky Prices under Rational Inattention, Amer-
ican Fconomic Review 99, 769-803.

Mackowiak, Bartosz, and Mirko Wiederholt, 2012, Information Processing and Limited Liability, American
Economic Review 102, 30-34.

Mankiw, N Gregory, and Ricardo Reis, 2002, Sticky Information versus Sticky Prices: A Proposal to Replace
the New Keynesian Phillips Curve, Quarterly Journal of Economics 117, 1295-1328.

Romer, David H, 1993, Rational Asset-Price Movements without News, American Economic Review 83,
1112-1130.

Scheinkman, Jose A., and Wei Xiong, 2003, Overconfidence and Speculative Bubbles, Journal of Political
FEconomy 111, 1183-1220.

Sims, Christopher, 2003, Implications of Rational Inattention, Journal of Monetary Economics 50, 665-690.

Stark, Tom, et al., 2010, Realistic Evaluation of Real-time Forecasts in the Survey of Professional Forecasters,
Federal Reserve Bank of Philadelphia Research Rap, Special Report 1.

Veldkamp, Laura, 2011, Information Choice in Macroeconomics and Finance. (Princeton University Press
Princeton, N.J.).

Wang, Jiang, 1993, A model of intertemporal asset prices under asymmetric information, Review of Economic
Studies 60, 249.

Wang, Jiang, 1994, A Model of Competitive Stock Trading Volume, Journal of Political Economy 102,
127-168.

Zhang, X Frank, 2006, Information Uncertainty and Stock Returns, Journal of Finance 61, 105-137.

30



Appendix

6.1 Robustness

We check the robustness of this paper’s main results in two perspectives: the measurement of
forecast revision and the stock market reaction to it.

First, following CG15, define year-on-year annual forecast revision (AF'rev;) and forecast error
(AFerr) as:

AFrevy = Fuwiyzs —Fr12i43y (41)

AFerry = myys3p— Fimpysy (42)

where 24,3 denotes the average GDP growth rate over the current ¢ and next three quarters (e.g.

Zotzdr24%3) - Annual forecast error refers to the annual average over differences

ift=0, v43: =
between associated realized value and forecasts about ¢ and next three quarters (all submitted at
t). In this case, agents do a longer forecast for one year ahead instead of one quarter ahead. The
results are shown in Panel A of Table 6.1.

Second, it is hard to determine on which days forecasters revise their beliefs, and the return may
also reflects responses to cumulative revisions. One may argue that the revision has been started

right after last submission day. Thus, to check the robustness, we use close-to-close return between
closent—close(, 1)y

current and last quarter submission deadline days, defining as: QRrev,: = , where

close(n_

n denotes the integer index for a quarter. Similarly, as the survey is distributed to( tkig forecasters
after the advance estimate released by BEA at the end of each month (about two weeks before the
submission deadline), we calculate WW Rrev;, the close-to-close return between survey deadline
and last advance estimate of GDP releasing day.?® In addition, we also check W Rrev;, defining
as close-to-close returns between the survey deadline day and one week before it. The results are
displayed in Panel B of Table 6.1.

Table 6.1 Panel A shows similar results as before. However, forecast revisions have stronger
predictive power for forecast errors. It is easy to understand because annual forecast contains more
belief revisions compared to the forecast only about the current quarter. Controlling for these new
revision and error measurements, the results still hold, while R? increases from 18.4 to 19.6 percent
(see column (5)).

From Panel B shows that the negative predictability remains significant for alternative measures
of quarterly revision Q) Rrev; and revision within one week W Rrevy, and the coefficients are almost

the same around -0.03, even controlling for other variables.

28 Close-to-open return between survey deadline and last advance estimate of GDP releasing day has similar results.
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Table 6.1: Robustness Tests of GDP Growth Rate Expectations Formation in Stock Market

Panel A: measurement for forecast revision and forecast error

(1) (2) 3) (4) (5)

AFerr; Rrev; Ranny
Rrev; -0.186**
(0.087)
AFreuv; 0.742%**  (0.911%* -0.287** -0.151
(0.276)  (0.378) (0.120) (0.033)
AFerr, 0.031 0.092
(0.075) (0.060)
Az, 0.020
(0.021)

Constant 0.149 0.141  0.121**F  0.180**  0.160***
(0.162)  (0.108)  (0.059) (0.060) (0.055)
N 188 84 97 104 7
R? 0.076 0.113 0.003 0.035 0.196
Panel B: Measurement for stock market reaction to forecast revisions

(1) (2) 3) (4) (5) (6)

QRrev, -0.028%* -0.031%*
(0.014) (0.018)
M Rrev, -0.014
(0.013)
WW Rrev; -0.046
(0.041)
W Rreuv; -0.029** -0.033*
(0.014) (0.018)
Frev, -0.015 -0.004
(0.069) (0.068)
Ferr; 0.041 0.044
(0.063) (0.064)
Axy 0.025 0.025

(0.038)  (0.038)
Constant  0.172%%  0.186**  0.164**  0.181%*  0.170%  0.183%*
(0.072)  (0.084)  (0.069)  (0.072)  (0.087)  (0.087)
N 73 69 83 74 72 73
R? 0.100  0.028  0.043 0.102 0122  0.125

This table reports coefficient estimates of regressing first row variables on first column variables using OLS following
CG15. Newey-West (lagged 5) standard errors are in parentheses.

6.2 Proof for the Two-Period Model

The risky asset demand for agent i is: «a; = p,Z+p, (z + ;) +p,. (x + €)—(py + p. + p.) P. Integrate

the demand of all agents and using the market clearing condition immediately gives:

PeT+ po (T = 0/p.) + pe (x+ €) = (pp + po + pe) P.
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Because both sides must be x +e measurable, this gives: x—6/p, = v+e or e = 0/p,. Therefore,

the equilibrium price in equation (8) could be obtained.
Note that Var (e) = Var (0/p,) = ﬁ. This gives p, = p2py-

6.3 Proof for Uninformed Investors’ Filtering Problem
T
The uninformed investor’s learning problem is that he/she tries to learn ¥, = { Ty Ty Oy } , by

T
observing &, = { D, ¢ ] .
Solving for stochastic process of (; gives

¢, = [bi¢, (t) + ((a—b) d, (t) + &, (1) Ze + D (t) O — aC] dt

g (t A g (t A
+ 10 4B+ Lo, (1) aBus + o0ty () 4B (43
and
dDy = (& — kDy) dt + o pdBp ;. (44)
Rewrite the d¢ and dz; in terms of the fundamental innovations:
¢, = [b3¢, (t) + ((a =) b, (t) + ¢ () &e + & (1) O — al + G, (t) 4 (¢) (we — )] dt
g (t 7 (t
+q0_(D)¢:D (t) dBD7t + q; )¢z (t) st,t + U@(b@ (t) dBQJ,
7 (t g (t
dzy = [b(Z— ) +0G(t) (x — 3y)] dt + &dBat + af )st,t-
oD O
T T

Denote the independent Brownian motions Wi = | B,; 0 By, } , Wo = [ Bp: By }

Consider the 3 plus 2 dimensional Gaussian random process (94, &,), t € [(n — 1)TT,nT~], n =

1,2,..., with
2
ddy = lag (t) + a1 (1) 9 + a2 (t) &) dt + Z bi (t) dW; (t)
i=1
2
d§, = [Ao () + A1 (1) 0+ Az (t) &l dt + Z B; (t) dW; (t).
i=1
where
bx —b 0 0 0 0
agp (t) = bz y a1 (t) = a.th —b— 6-@5 0 y a2 (t) = 0 0 )
0 0 0 —a 0 0
Oz 0 O
b(t)=10 0 0 | ba(t)=] L & |;
o 0 O
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0 1 0 0
Ao (t) = , AL () =
" ( ) [ ] ! ( ) [ a-gbz,t(jt (a’ - b) ¢m,t + lea:,t - 5’%,,:@ ¢/9,t

0 0 0 oD 0
By () = B = . .
0 0 U@Qﬁ@}t Equ’t E¢I,t

This further gives

,A2<t>:[‘*”" 0],

0325 0
(bob) (t)=b1(t)b] (1) +ba(t)by ()=| 0 ¢ 0 |,
0 ag
0 0

(boB)(t)=bi(t) B (t)+ba(t)By ()= | @ 6¢,,4 |-
0 Ugﬁbe,t

02D ¢x,t£jt
o &¢:2s,t‘j152 + U§¢§,t

Applying Theorem 10.3 from Liptser and Shiryaev (2001), the solutions of the system of equa-

(BoB)(t)=Bi(t) B (t)+ B2 (t) By () =

tions can be characterized as:

dd; = lag (t) 4 a1 (t) Vs + ao (t) &, dt + {(b o B) (t) + GA] (t)] (BoB) ()"
X [dgt - (Ao () + A1 (£) Dy + As (1) gt) dt} :

ag = [ ()G +@ag (1) +(bob) (1) — ((bo B) (1) +@AT (1)) (Bo B)(®)" ((bo B) (1) + @A <t>ﬂ dt

qu (t) Gq2(t) qus(t)
where ¢ (t) = * Goo (t) Gos (t) | is the positive definite symmetric variance-covariance
* * 633 (t)
matrix.

Putting parameter matrices back to above equations gives the filtering equations in the main

text, with the coefficients and the vector of innovation processes defined as follows:

~ A 2 ~ , / I
e G22,t [q?cbi (1 + ::%) — qi030; (a —b+ g — %Z) —1—03%0?} + Qo dos o (1) %th )
11 (1) = - , ha1 () = ————h11 (1),
0%, (G395 + o3502) Pt
Gongla—b+ % — 50— A)o2p, + g, 1~ ¢, hua (1)
his (t) = i D , and hoo (t) = "7 (45)

Po 4 ’

22 42 2
q152¢x + ‘73¢0‘7§
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and

dBDt = d_Dt — (Li‘t — KJDt) dt,
dBey = dC, — |bag, () + ((a = b) 6, () + &% () @ + 6 (1) 0 — aC [ dt.  (46)

Note that from Equation (14), 0, = i (¢t — ¢pst) and 0, = i (¢t — ¢04@t). Applying law
of total covariance,

iy = Var(z | F')=E [Var (xt | .77‘) | .7-"“] + Var (E [:1:,5 ] .Fi] | .7-"“) = Gt + G224,
Gi2; = Cov(xy,4¢ | F*) = E [Cov (a:t,j:t | FY) | F4] + Cov (E [z | F']LE [& | F'] | F) = Gooy,

. . W] Pat -
di3g = Cov (w0 | F*) = Cov |2y, — (¢, — bpyitr) | F Lo,
¢9t ¢9t
_ . Gut .
Goz; = Cov (24,0 | F*) = 422,
¢9,t
2t
Gssy = Var(fy | F*) = 5 Gaoys
P94

Therefore, the following equivalent conditions could be easily derived:

_ . _ o2

Qe = Gt +qaat, @33, = d)g 422,t (47)

_ _ 3 Do -

q12;t = Qq22t, 923t = —7(122 ts (J13t = ——"q24, (48)
Po4 Po ¢

where g2 ; satisfies the following stochastic process:

— L 2 o2\ - (056 & o
dgozt = M{ (Jzzt[% <0D> <1+J%>—2%< UD> <a—b+¢x—¢9>
+o2¢? (a —b+ % _ %> 24 (agqﬁggs)Q
o ¢a; ¢9 0D

/ 2
on [q§¢i < + i - 22) +é (am;‘;) b (ogdyos)?

+ (c}toe%)Q}dt- (49)

6.4 Proof for Stochastic Process of Estimation Difference

The stochastic process for estimation difference A = &y — Z; between two types of investors could
be derived directly from Equations (17) and (19):

dAt = di‘t — d.ft = *bAt + 7dBDt + 7stt — hllt [th (ﬁt - K,Dt) dt]

—hia |:d<t - [bf%,t + ((a—=0) ¢y + Py y) Tt + ¢é7tét - agt} dt} .
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Substituting Equations (43) and (44) would give

¢/
dAt = —|b+ hll,t + ((CL —b— % (ﬁm + ¢£x,t h127t Atdt
0.t
+ [(1 — h127t¢az,t) a% - hll,tUD] dBD,t + (1 - h12,t¢x,t) %dés,t — hi12,t09¢g 1dBg ¢(50)
where aa (t) = b+ hi1 + {(a —-b— izz) Gpp t %,t} hiog, oap (t) = (1= hi2¢, 1) % — h11t0p,
oas(t) = (1= hi2i¢, ) ﬁf, and oag = —h121009Pg ;-

6.5 Solving for Excess Returns

The instantaneous excess return satisfies dQ)y = dP, + Dydt — r P,dt.

First, under informed investor’s information set, substituting Expressions (11), (15), (17), (21)
and (44) yields

dQj = {eo (t) +[1 — (k+ 1) dp (t)] Dy + €9 (t) 0y + en (t) Ay} dt+b, (t) dBpy+bi (t) dBs i+ () dBpy.

From market clearing conditions, the coefficients of D; must be 0. Hence,

1
K4+

¢p =
Therefore, under informed investor’s information set F?, the excess return Q! satisfies:
dQ; = [eo (t) + eq (t) O + en (t) Ag dt + by (t) dBpy + b (t) By + b (t) dBay, (51)
where

eot) = ¢'(t) —ré(t)+bao, (1),
eo(t) = ¢p(t)—(a+r)dy(t),

alt) = (04050 o rthn 0+, (a—+ P - B o).

o () = e ()11 + 6 () haz (0] L2 4 6 () a1 (D00 + o,
B = [+ oa () () 12,
B (6) = [1+ b (6) b (6] oady (1)

Second, for uninformed investor, rewrite d@! into dQ¥ by guessing

dQy = |eq (t) + g (1) 0; + e, (1) & | dt + b (1) dBp,g + b (1) dBe .

Using Equation (14) and dQi — dQ¥ = 0 yields:
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bz (1)
bg (t)

[—69 (t) +ea(t)+ex (t)] Ardt+bY (1) dBp ¢+ (t) dBs 4+ (t) dBg s —bY% (t) | Aedt + aDdf}D,t]

_pu a— _¢/0(t) / @ Q(t) 5 o —
0 | ((a-0- 2 0.0+ 6, 0) v+ 200, ) O, (0)aBes-+ o0ty (1) dBng] = 0.
Hence,
bp (t) = ¢p+hi(t) o (t) (52)
BE(t) = 14hia(t)da (). (53)

Assuming value functions do not depend on #; (see Appendix 6.9 for the proof) would give
ez (t) = 0. This implies that ¢, (t) is a constant:

¢p

By = 0, (1) + 6 (1) = ;72

6.6 Solving for Optimization Problems in the Interior

Solving the Informed Investor’s Optimization Problem. Conjecture the informed investor’s
value function takes the form of J (¢, W*,0,A) = —em™W'=9(t0.8) where g (t,60, A) = g (t)+gg () O+
Sa00 (1) 07 + ga (t) Ay + Sgan (t) AZ. Using Ito’s Lemma, the HJB equation is:?°

pJ = — <+ I+ Jw [rW' = C"+ a(eo (t) + g (t) 0+ en (t) A)]
—|—§JWWa2 (O’b (t)) + adweogby (t) + aJwa (O’lQA (t)) — Jpab

1 1
—Jaan (1) A+ §J900§ + §JAA (oa (1))* + Jonceone (1),

where
(05 (1) = ( ()" + (0L ()" + (0 ()"
(oha (1) = ( )oap () + b, (8) oas () + by (t) one (1), (54)
(oa ()? = oAp (1) +0h, () + oAy (1)
Under the guessed value function form, J; = —%J, Jw = —rJ, Jww = r2J, Jy = —%J,

2 2
Ia = —5%J. Jog = [(gg> —ggé’] J, Jan = [((%) BAQ] J, Jwo = rggd, Jwa = rg&J,
dg O 0?
Jao = (ag i ' ' 4
The FOC with respect to C* is: *W* — C" = Inr — g (¢t,0,A). Substituting these expressions

For simplicity, we drop the unnecessary time scripts.
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into this FOC, HJB can be rewritten as

0 1 . o .
0 = r—p— zTi —rlinr—g+aeo(t) +eo ()0 +ea(t) A)] + 5% (o )% + ow“a—gagbé (t)

99 (i 2,09 4. 99 LI(99\* &g ,
99\ _ P
0A 0A2

Moreover, FOC with respect to « gives a =

1 dg 0 0?
+3 g 99 g

(o2 OF + (G558 — 22 Y ovosa ).

eo(t)+ep(t)0+en () A—22b (H)og— 2% (A (1)

()"
guessed quadratic form of g (¢,0, A), the derivatives, substituting expressions in (54) into the above

. Under the

equation yields
o =g (t) +ag (1) 0 + an (1) Ay,

eo(t) b (1)oag0 (1)~ (o A (1)) g (1)
(o)
ea(t)=bh()oagon(t)— (oA (1) gan(t)
r(ob (t))2 '
Finally, substituting the optimal policies back into the HJB equation and matching coefficients

) = eo ()b} ()og00 (1)~ (0ya (1)) g0 ()

= (oh ) vand aa () =

where «y (t) = ,ap (t

of the value function would give the following ODEs system of informed investor’s value function

coefficients.

Solving the Uninformed Investor’s Optimization Problem. Similarly, the HJB equation

of the uninformed investor’s problem is:

oV = —e 1 Vi+ W [rW“ —C"+p (eo (t) + eq (1) é)} + %waﬁ (0% 1))
+8Vivo (0l ()" = Vaal + 3 Vo (03
where
(08 1) = (&% 1)+ (b2 (1)
(0o (1)% = hat () bh (£) + haa (£) bY (t) (55)

(0§)* = h31(8) +hiy (1)

Furthermore, conjecture the uninformed investor’s value function would be of the form: V' (t, w, 9) =

_e~™W=(t9) where f (t, é) = £ (8)+f5 (t) B+ fap (1) B7. FOC with respect to C'* is: 77/4—C% =
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Inr — f <t,9> . Substituting this into HJB gives:

of ~ L 90/ u 2 of 2
pr = T [lnr—f+5(€0(t)+€a(t)9)} t5rp (g (1) + iy (90 (1))
D) ~ 1 o 2 82
+l 0+ = (in) - % (Ug>2'
00 2 00 00
Under the guessed form of f (t é) the derivatives could be expressed explicitly as: % =
F'®) + 15 (08 + 5550 (08, 9 = fo(t) + fao (1) Bus 25 = foo (1) . Moreover, FOC with respect
eo(t)+eq(t)0— af( Qe(t))

to [ gives B, = T . Substituting expressions in (55), and (23) into the above
Q

equation yields the optimal risk asset demand for uninformed investor as

By = Bo (t) + By (t) by,

«o®=(780(0)"fo®) By (1) = ee<t)—(aé9<t>)§fee<t>_
r(75(0)” r(ob®)
Finally, substituting the optlmal policy functions back into the HJB equation and matching

where 3 (t) =

coefficients of the value function would give the following ODEs system of uninformed investor’s

value function coefficients.

Solving for Market Clearing Conditions The market clear conditions expressed in Equation
(33), (34), and (35), together with the coefficients system yield the following ODEs system of

coefficients:

g () = r—p—rinrtrg(t) — 57 (o () 03 (1) + 303 g3 (1) — oo (1)
+50% (1) [03 (1) — 98 ()] + 00080 (8) g0 (1) 9 (1) — g0 (1)

gy () = rgo (1) —r? (0 (1) o () g (1) + aga (1) + 0390 () ggo (1)
+0A (

t) ga () gon (t) +adecne (t) [g6 (1) goa (L) + gee (t) ga (1)]
2

ga(t) = rga(t)—r* (o (1) a0 (t) aa () + an (t) ga () + o590 () goa (t)
+0R (t) ga () gan (t) + agoan (t) (90 (1) gan () + goa () ga (1)),
Gho (1) = 7900 (t) = 1% (ly (1) 03 (1)
+2aggg (t) + 03959 (t) + oA (t) gga () + 209020 (1) goo (t) gon (1)
gaa (1) = rgan(t) =12 (ol (1) ok (1
+2an (t) gan (t) + ojgoa () + oA (t) gRa (1) + 200080 (1) goa (1) gan (t)
Gha (t) = rgon (t) = 1% (ol (1) g (1) aa (1)
+agon (t) +an (t) gea (t) + oagee (t) gon (t) + oA (t) gan (t) gea (1)
+090 0 (t) (900 (t) gan (t) + gga (1)] (56)
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F) = vl (1) %2( ()83 () + 5 (08)° [73 1) — fan ()]
f) = rfa(t) =12 (ol (1) By (t) By (t) +afy (t) + (a8)? fo (t) foo (£),
fio (&) = rfo(t) =1 (% <n2 <w+m&u> + (a2 12 (t). (57)

6.7 Proof for Equilibrium Conditions on the Boundary

Boundary Conditions for the Informed Investor. The informed investor’s optimization prob-

lem at the boundaries can be written as:

W —a(TorAn) e_rwifmax{_E [e—ra(P;ffP;) 9(0,67.,0) ,]_—z” (58)
ar

where 7 ~ N (&7, ¢r). Solving the exponent part within the expectation operator yields:
+ - _
—roa (PT - PT) —g(0,07,0) = —Py— Dy,

where @ = ra {[¢ (0) — ¢ (T)] + [¢g (0) — ¢g (T)] 01 — ¢, i1 + da (T) AT} + g (0) + go (0) 07 +
%9(99 (0) 9%7 ¢, = rag,. Then

B e—ra(P+ P ) 9(0 or, 0) ‘fl _ e*‘?O*(@l@T*%qD%QT) :eTe’r‘mi’
where
Term' = —ra{[¢(0) — ¢ ()] + ¢y (0) — ¢y (T)] 67 + ¢4 (T) At}
~g(0) ~ g9 (0) b — L (0) 63 + 220

Optimization implies
co + cobr + caAAr

rayg

where cog = ¢ (0) =@ (T); co = g (0) =y (T); ca = da (1) ; ag = gf)zch. Therefore, g (T, 07, A7) =
—Term’ gives

1 1
g(T)+ g0 (T) b7 + 5900 (T) 07 + ga (T) Ar + 3924 (T) A% + gon (T) O7Ar

co + cobr + caA 2 1
_ (e eg‘a aAT) + 5900 (0) 07 + g9 (0) 07 + 9 (0) .
q

Matching the coefficients yields the boundary conditions summarized in the following Lemma:

Lemma 4. At the pre-determined announcement T (equivalent to periodical announcements nT,

n=1,2,...), the boundary conditions for informed investor’s value function could be characterized
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_ 2 . 2
g(T)—g(0) = [¢(T2)QT;%(O)]7 900 (T') — g9o (0) = 0 (szT(ﬁ(go ©) :
— _ 2
9 (T) — go (O) _ [¢ (T) ¢ (O)J [¢92 (T) ¢0 (0)]’ AA (T) _ ¢AA (12_‘>’
qroy ardy
ga (T) - _ [¢ (T) — ? (02)] ¢A (T)7 o (T) — ¢A (T) [(bQA (TQ) — ¢9 (O)] ) (59)
QT¢y QT¢y

Boundary Conditions for the Uninformed Investor. Solving the exponent part within the

expectation operator in Equation (58) gives:

5 {16(0) ~ o (D] + [0 )0 — 6y (T) ] + 6, (w1 —#1)} — £ (0) — fo (0) b — _ fun (0) 63
= — (Vo + Uobp + Vb7 + Uyz7) |

~ ~ ~ ¢z(T) .
T T qr + 4221 — q22.T7 ~ ~
me<£>~N((£>’( ﬁﬁbT))worﬂmmmn%@wT¢ﬂﬂ+
¢y (T) 125
—_ 2 . . . .
F(0), Uy =780y (0)+ fo (0), Uag = %f@g (0) = 2;35(?%, Uy =rB¢,. Given ¢y (t) < 0, this implies
E [e—rﬁ(Pj‘f—PT_)—f(O,eT) | ]_-u} S Te—xpo—%\i/ _ Term®
where
_ ) Wrdyr (W1 (437 — 1) — Vo, 10 o
v = 2z7¥; — oar [¥1 ( M;ﬁ ) o] — U3 (Gr + Go2, 195 1)
z, T
~2
07 (950 —1) 93 _ )
L ( 9T 5 ) o.r + 2Go2, 7V1 V20, 109 T — Q22,T‘I’%¢3;,T7
Q22,705 T
and

Term" = —rf3 [ ¢ (0) = & (T) + f5(0) Goo,rbp 1 (G970, — burdoo) + Ordpr <¢9,T¢9,0 + %@f)y - 1) }

1 S _ _
+§7‘2ﬁ2 [ 02 (ar + Go2.008 1) + Qo200 705 0 — 2q22,10D2 70 700 0Py }

~ ~ ~2
(fo @) @rrddr —brdfr) * - 0703

2G22, 702 T

+ f(0)+1In (—¢79,T) .

Using Equation (14), solving the optimization problem gives

~ (z)z, ¢7/‘a
5 _ do + dpbr _ do + dpg (9T + %7; AT) _ do + dob7 + dOﬁAT

rﬁq rﬂq rﬁq
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where

do = ¢(0) =& (T)+ f5(0) Goorbs 1 (D070, — PurP00)

1- ¢§,T
dg = ¢or1 | PorPo0 + & ¢y —1
z, T

By = ¢12JQAT + (¢p P90 — ¢y¢e,T)2 422,7-

Therefore, f (T, éT) = —Term" gives

FT) 4 o (T) B + 5 oo (T) B

(do + deéT)2 (fe (0) Gaz. 703 1 — éT(ZﬁT) 2 — ééﬁf?g;r

28, 222,705 7

+ f(0) —In (1) -

Matching coefficients and substituting do, dp, B, back yields the boundary conditions summa-

rized in the following lemma:

Lemma 5. At the pre-determined announcement T (equivalent to periodical announcements nT,

n=1,2,...), the boundary conditions for uninformed investor’s value function could be character-

ized by:
FO) = 1O = g5 [@nf O by (4016, ~ Sugdrr) = o1+ 6]
q
5730 anrddr — Infoos]. (60)
1 G22.17%:7 (Y00 — Po1) [%,T (%00 (2¢3,T —1) — ¢o.r)
foo (T) — fop (0) = P (61)
422,797 7By —2¢y 7 (¢5.0 — 1) ¢y] —ar (¢ — 1) %0,
. dr fo (0) (65,0 —1) P01
Jo(T)— fo(0) = b8 —Go2,1fo (0) 921 (dp0 — bo.1) (G9.0001 — Po1by) . (62)
Z, q

6.8 Solving for Time-Varying Price Sensitivities

+ég1 (P9 — O1) [¢x,T (¢9,0¢0,T - 1) - (¢§,T - 1) ¢y]

Denote lp = ¢ (T) = ¢(0); la = ¢, (T') = ¢, (0); la = oA (T) — ¢a (0); lg = & (T) — ¢4 (0) ; and

In = —l,. Rewrite the coefficients in Lemma 3 as follows:
co = —lo; cg=—lp; ca = Par; g = <Z>ZC]T-

l% lg loly
g(T) = 9(0)+ 5 =5 900 (T) = 900 (0) + ~% 9o (T) = 90 (0) + —=;
Qq Qq Qq

SAr lodar lodar

gan (T) = —; ga (T) = ———; goa (T) = ———;

Qg Qq Qg
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do = Ga20fo(0) bpr (Gordar + lodur) — Lo
bordar (P —1)
¢I,T ’

By = Gor (bardor +loder)” + drdl;
1 lo— G 0) b, +lgd,7)]?
f (T) _ f (0) —In (_¢9,T) - §f92 (O) (Z)g;,Tq~22,T + [ 0 q22,Tf9 ( )¢ ,ngbA,TgbB,T 9¢ 7T)] ;
q
| E2rloder 2081007 (D57 —1) + (2057 — 1) lodur] — Gr (S50 — 1) *¢;
Go2, 19218, ’
{ —q22,7f6 (0) l¢9¢§,T (¢A,T¢0,T + l0¢x,T) + qrfo (0) (d’g,T -1) ¢§¢CIZ7T }
+lodgr [oar (D57 — 1) + darlods 1]
¢1’,T6q

dg = —prlo—

foo (T) = fo0 (0)

fo(T) = fo(0)+

Matching coefficients in Equation (36) would immediately give the following equations:

(A-w)eo  wdy

4+ — = 0,
oy Bq
wdy 22X
(I—W)CA 0¢9,T -0
Qg B, ’
1— d
(1-wjcy  wdg _
0y ﬁq

Combining with the above conditions would yield the results in the main text. Note that this

solution is a special case of the general setting of Appendix 6.9.

Lemma 6. At the pre-determined announcement T (equivalent to periodical announcements nT,

n=1,2,...), the equilibrium pricing function sensitivities (coefficients of state variables) satisfy

TOATPyd22,T (1 —w)dar roLqr
0 = —|—=> ’ 63
¢6 ( ) w * rw(by (¢y - (bA,T) QQT * w—1 ' ( )
b0 (T) = — Sar [1—w+170] (¢ — dar) *drdear] ’ (64)

rwdy (6, — darr) dr

_ _ T (0) T"‘@Z (¢, — dar) 24rdoa,r
el = r2¢2 (¢, — dar) 2qrdeer —w + 1 (65)

Simulated Price Sensitivities and Value Function Coefficients. This figure displays the

calibrated time-varying coefficients of value function and price sensitivities.
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Figure 6.1: Time Varying Price Sensitivities and Value Function Coefficients
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Online Appendix

6.9 Proof for Value Function Assumptions

This Appendix proves the sufficient conditions for letting the value functions do not depend on the

state variable Z; and Z;.

Assumption 1. In order to ensure the value functions do not depend on Z; or Ty, we impose the
following assumption: Given ¢, is a constant, assume ¢x (0) # 0, ¢, (T') # 0 (or ¢ (T) # *£1,
Goo,7 #0), and the following sufficient condition:

_ 1—g5(T)
oo (0) = 02 (T) G2 (66)

Proof. First start from the generalized full model without assuming those conditions, and prove the
sufficient conditions in equilibrium on the boundary.
Optimization Problem of Informed Investor on the Boundary.

Now consider an informed investor’s excess return follows the generalized law of motion:
dQi = leo (t) + g (t) 0s + e (1) Ay + ex (t) @] dt + bl (t) dBp s + bL (t) dBss + by (t) dBp +(67)

where the additional term

ex(t)=¢p+ 8, (t)—(b+71)d, (). (68)

Let the informed investor’s value function be of the generalized form
J(tLW0,A, %) = e TWi—g(t.0,A2)
where

A 1 o1 X R
gt 0,A,2) = g(t)+go(t)0:+ 2900 (t) 07 + go (t) 3¢ + o Jae (t) 27 + gou (1) 04y

1 .
+ga (1) A + 29aa (1) AF + goa (t) 0.2 + gon () £
The informed investor’s optimization problem at the boundaries is

_ e ™Wi=g(T07.Ar.ir) max{—E [e*TW“*Q(OﬁT,O,wT) | P]}

— W max{—E [e_m(P;:—PT—)—g(o,eT,o,xT) ’Fz:|}

«

where 7 ~ N (27, ¢r).
Taking out the exponent part,
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—ra{[¢(0) = ¢ (T)] + (¢4 (0) — ¢4 (T)] 07 + ¢x (0) 27 — ¢x (T) &1 + &a (T) Ar}

1 1
—g(0) — g9 (0) 07 — 5960 (0) 67 — g, (0) 2 — o Yae (0) 2% — gou (0) O

1
= —®)— Dy — 5 Yaa (0) 2%,

where ®g = ra {[¢ (0) — ¢ (T')] + [¢g (0) — ¢ (T)] 01 — ¢x (T) &1 + éa (T) A1} +9(0)+96 (0) 7 +
2900 (0) 02, &) = rady (0)+gs (0)+ggs (0) O7. Tt is easy to see that only the second row is unknown.

A 1
Denote m = Ew—()E then

| Fil = e ®ox Vine 2™®,

77'a(P,1f7P,;)7g(0,9T,0,1'T)
E|e

where

& = 28187 — GrP} + gup (0) 2%
= 2 [Ta(éX (O) + 9z (0> + 96z (O) QT] i'T + Gax (O) j%’
i {2020% ) + [0 (0) + gus (0) 0] + 2radry (0)[ga (0) + 00 (0) 0]}

Therefore, E

—ra(Pt—P> 7g(0 67,0,z ) ;
T T ST ;
[e ( ) | Fi| = eTer™' | where

Termi — —ra { 6(0) = 6 (T) — sdrox (0) gz (0)] + 9 (0) = 6y (T) — sindrdx (0) gos (0)] b1 }
+[idx (0) = dx (T)) a7 + 65 (T) Ag

L 2ringrr? 6% (0) + 2 [ridrgl, (0) — goo (0)] 03 + [indrga (0) gos (0) — go (0)] 07

2 2
1, N R R 1. 1.
—5MYaa (0) 23 — 10 [g (0) + gz (0) O7] & + imqugfc (0) + 3 Inm — g (0).
Optimization implies: o = C°+C"9T+Tcng+CAAT, where

co = ¢(0) =& (T)—miréx (0) gz (0)

co = ¢g(0) =y (T) — mirex (0) gor (0)
&z = mox (0) —ox (T)

ca = ¢a(T)

ag = mirex (0).

Note that unless ¢, = 0, g (7,07, Ar,Z7) will in general be a quadratic function of 07, Ap, &7,

because Term! contains . This means that it is not obvious simply assume away the dependence
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of g(t,0,A,%) on &. Therefore, g (T, 07, A, i1) = —Term® gives

1 o ) )
9(T) + g6 (T) 07 + 5900 (T) 0% + g (T) 31 + 5z (T) %+ gor (T) Oy

1 .
+ga (T) Ar + 2984 (T) A3+ gon (T) 07 A1 + gun (T) 21 A7

co + coOr + T +CAA2 1. . A
- (obebnt Clr 2 BT D igrgd, ()~ g (0)] 63— iz (0) gos (0) — gy (0)] 0
q
1

. . . . 1, . 1.
+§mgm (0) a:% + m[gz (0) + go (0) O] 7 — §qug?c (0) — 5 Inm + ¢ (0).

Matching the coefficients gives the following boundary conditions:

[6(T) = ¢ (0)]°  ga(0)[¢(T)—¢(0)] 1

90 =90 = SR ox (0) — g,
Goo (T) — goo (0) _ [d’ (T) — ¢ (0) — Mqrgz (0) Ox (AOE] [¢29 (T) — ¢y (0) — M4T 902 (0) Oy (0)]
marox (0)

—1mdrgs, (0),
(¢ (T) — ¢ (0) = 1mgrg: (0) px (0)] [pg (T) — ¢4 (0) — 4T ge. (0) Px (0)]
mréx (0)

90 (T) — g9 (0) =

—M4T Gy (0) 9oz (0) 5

ton (1) — gan (0) = (1) +1dx (0) [ox (0) — 20 (T)]

Mmgré’ (0)
0o (T) =g (0) — O =0ON6x (T) = by (09 (T) = $(0) = drge (0) dx (T)]
maréxy (0)
gox (T) — gor (0) = (M —1) gar (0) + (96 (T') — @6 (0) + g A(OA) (]ﬁ); 0)gr] [ox (T) — 1o (0)]’
maréx (0)

_ A

920 ) = G (O
o (T) = — [ (T) — ¢ (0) + 1147gs (0) px (0)] da (T)
marex (0) ’

_ ox (T) —1mgx (0)] ¢ (T)
wea ()= s ¢’ (0) |
gon (T) = _Oa (1) (9 (T) — ¢ (0) + 11290 (0) ¢x (0) 4r]

mare% (0)

Optimization Problem of Uninformed Investor on the Boundary.
Guess the uninformed investor’s value function as a general form: V' (t, W, 9, :Z‘) e (G ),
~ ~ ~2 - - ~
where f (£,0,7) = f (1) + fo (t) 0 + 3fo0 ()07 + fu ()3 + 3w (8) 53 + fou (1) O
Therefore, the maximization problem is written as

oW (T dEr) — W R [_e—Tﬂ(P;—PT—)—f(o,eT,xT) | ]_-u}
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~ -~ )~ (bx (T) .
x T qr +qa217  — q22,T
where )N T ) ¢??:(rj;)~ . Focus on the exponent part:
O 01 o5y 22T

—rB{6(0) = & (T)] + [ (0) 0 — 65 (T) By | + [0 (0) w1 — 6 (T) ]}

1 1
—f (0) — fo (0) Or — §f6’9 (0) 0%“ — fa (0) T — ifmz (0) x% — fou (0) Orxr
= — (Vo + Vobp + Uoob7 + Uyzp + Uyy27 + Uiobrar),

where ¥y = 13 [¢ (0) — ¢ (T) — ¢ (T) Or — b5 (T) a}T} + £(0), Uy = 78y (0) + fo(0), Uyy =

5500 (0), W1 = 1B (0) + f2 (0), U11 = 5 fue (0), Y12 = foz (0).
1

Denote m = = n - —— —
Q22,T¢3,T[2\1/22(QQT‘I’11+1)—QT‘1/%2]+¢37T[2\1’11(QT+QQ2,T)+1]—2Q22,T\I/12¢9,T¢1,T

, this simplifies:

B (e A(PE=Pr) = 00nan) | Ful = eV |gy 1| Ve 3
where
U
~ ~ ~2 ” - ” ~
= 7 [2Un¢5 1 — Geor (UTy — 4W11Wa0) @2 1] + 0705 7 [2Wa2 2U11 (47 + Goo,r) + 1) — Vi (Gr + Goo.1)]
+2iTéT¢9,T (V19g 1 — Go2,7 (\II%Q — 4011 U99) ¢, 7]
+&7 [—2Go2,7 (V2 W1p — 201 W) ¢§,T +2Ga2,7 (22 W11 — W1W12) g 70y + 2‘111¢§,T]
+29T¢9,T (0.7 (U2 (2V11(Gr + Go2,7) + 1) — U1 W12(Gr + Go2,7)) + G217 (201 W0 — U W15) ¢, 7]
—‘P?%,T(QT + Goo) — Qo270 1 [247 V22 VT — 2Gr VoUW + U3 (247 W11 + 1)] + 2622, 7 V1 Va6, 1 -

Therefore,
E [e—rﬂ(P;—P;)—f(O,GT,:BT) | ]:u:| — eTerm“

)

where

Term*

¢ (0) — ¢ (T) + mfoodozr (057 (GrVi2dxo — Poo 24rY11 + 1)) + Gprdprdx o]
e 0 [GrGeards 1 (V12090 — 2Wa2¢x0) — D51 (GT + Go2,7)Px 0 + Q22,704 7D0. 7000
+mar [_¢X,T + G210 (2220 x.0 — V1209 0) + Go2,7¢0 7007 (211090 — V126 o)

+¢3,T¢X,O} + My [¢9,T + 0.1 (d9.0 QV11(Gr + Goar) + 1) — Wia(Gr + Go2.1)x 0)

422,702 7007 (2V220x 0 — ‘1’12459,0)}

+1ﬁ1r2ﬁ2 —Go2, 1927 [D0.0 (240 V120 x o — g0 (247 V11 + 1)) — QQT‘I’22¢%(,0]
2 +¢5 7(Gr + Go2,1) 0% 0 — 2G22,10D2 170 7P0 0P x 0
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1 -
—5" 291105 7 — Qoo (V3o — 4011 Wss) ¢2 7] &7 — Mg [Viadp 7 — Goor (PTy — 4011 V) ¢, 7] Erbr

1. . - . - ~2
—§m¢3,T (222 (2911 (47 + Goz,1) + 1) — Vio(Gr + Goar)] O
+m [ fo,0G22,7 (‘I’1z¢i7T —2U11¢, 1007) — f20 (2622,T\I/22¢3;,T — q22,17V120, 7P 7 + ¢§,T)] I
—Mog [fe,o (¢0.r 2U11(4r + Go.7) + 1) — Go2.7V126, 1)

+fr0 (2G22,7Y 220, 7 — V1209 (47 + @22,T))} Or

1

—5771 (=120 (20rG22,0V 2207 7 + G5 0(4r + Go2,1)) + fo0Go2.005 7 (247 P11 + 1)]

N N . 1, .
—mfo,0fz,0022 1795 T (QT‘I’12¢x,T + dp1) — f(0) + 3 Inm + In “bG,T‘ .

Optimization implies

~ R ¢z,
do + dgby + iy o+ doOr + dadr + <d9 T _ d,x) Ag

bo, T
B : :
78, 78,
where
do = ¢(0) = &(T) +mfoodorr [drr (GrP120x0 — G0 (240 V11 + 1)) + by g 1760
+mfeo [ArGeerdsr (Yi2dp0 — 2Va2dx o) — G5 (Gr + Go21)Dx 0 + Go2,000 700 7%00)
dg = 1|—dgr+ g7 (D00 (2V11(dr + Gozr) + 1) — Vi2(Gr + Go2,1)Px o)
+G22, 7007007 (2V220x 0 — ‘1’12%,0)]
de = m[—¢x1+ Go2rder (2Wndxo— Visdgo) + G200z 17007 (2¥11050 — Vi2dx0) + G570 .0]
By, = —minrder [de0 (2irVi2dxo — oo (24r¥11 + 1)) — 247 V205 o]
+igy 1 (Gr + Goa, 1) B0 — 271042270 P9 7D0,0D X0
Therefore, matching coefficients of f (T, Or, JET) = —Term" gives the following boundary con-
ditions:
1. o o 3 X
(1) = ﬁ + 57 (=120 (24rd@e2,7V2207 7 + b5 (G + Go2,1)) + foole2,rder (24rV11 + 1))
q
- - . 1.
+110.f9,0 f2,0022,702.1 (G0 V12¢0, 7 + do7) + [ (0) — 3 In7m — In | ¢g 7|
d? - R - R -
foo (T) = 22 + w1 [2V22 2V11(Gr + Goar) + 1) — Wia(Gr + Goo,1)]
q
dodg - _
fo(T) = + mog 7| fo.0 (P (2V11(Gr + Goor) + 1) — o217 V120, 7)

By

+f2.0 (2G22,7 Y220, 17 — V1209 7 (47 + G22,7))
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d? - -
Joz (T) = 573& +m [2\1’11¢§,T — Goo,7 (U3 — 4011 Ws3) 02 7]
q
dod - - - s
fo (T) = 3 = —m [ foodo2r (\1/12¢33,T —2U11¢, 70p7) — fr0 (2QQ2,T\1122¢:%,T — G22,1V120, 709 T + <7562),T)]
q
dé‘dx ~ ~ 2
fou (T) = 3 + mepr [Y120p 7 — Geor (Vi — 4011 V02) &, 7]
q

Market Clearing.

Market clearing requires (1 — w) o + wf = 0. Hence,

“ P,
o+ o + coip + cAAT +wd0 + dgbp + dpp + (dg%j — dm) At B

royg Tﬁq

(1-w)

~
—
~
N—
s
—
~
N—
=
>
—~
~
N~—
&\w
—~
~
SN—
;n
8
—~
~
N—
N
8
—~
~
N—

In order to simplify this complicated system, let’s first start with an initial choice for ¢gr. In
general, the exercise should be i) start from an initial guess for ¢, (¢) and ¢, (t); ii) solve for the
dynamics of (Z,¢); iii) solve for the entire equilibrium; iv) update ¢, (t) and ¢, (t) and iterate
on the above procedure. For now, let’s look at a much less ambitious question. In the following
exercise, take ¢; and ¢; as given. Everything should be represented as functions of the fundamental

parameters, G and ¢. Assume g"t1(0) = g™+t (0) = g5 (0) = 0, and 21 (0) = f7FL(0) =

T
n+1

0 (0) = 0. Start with an initial guess for

¢" T (0), 45T (0), 92T (0), X (0),
g" 1 (0), 957 (0), gpat (0),
0, £ 0), £t (0)

List the set of equations that can be used to solve for

-
3
3

¢g (), ¢ (T), dA (T)
9" (T),96 (T) 960 (1), 92 (T) , 90 (T) , 9A (T) , GAA (T) 5 952 (T) , 95 (T) , gz (T))
fUT) s fg' (T) s fap (T) 5 f2 (T, f (T, foo (T) -

The question is, does the solution satisfy g} (T') = g, (T) = g, (T)) = 0, and f}} (T) = f2. (T) =
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for. (T') = 07 First do some simplifications for the boundary conditions. Denote

In = oa(T)—¢a(0); lo="¢9(T)— 9 (0);
ly = ox(T)—9x(0) = Ia+1l.

Given gp*! (0) = g2 (0) = g5 (0) = 0, and 771 (0) = £571 (0) = f5,7' (0) =0,

o= 1 co=—lo; cog=—lp; ca = —ly; ca = dar; ag = dx odr-
12 12 lolg
g(T) = g(0)+ 20 900 (T') = gog (0) + *, 90 (T) = g9 (0) + —;
Qq Qq Qg
AT lodar lopa T
gan (T) = = ga (T) = ———=; goa (T) = ————;
Qq Qq O
12 lol Il OING
Ty = T = Y. T) = %Y. Ty — Y78l
gzx( ) aqvgac( ) aquOm( ) aanxA( ) aq 3
- 1
mo= "3 2 -~
by + f00,00% 7G22,T
do = —lo— foomdrr (de0— dxo) do2.1

dg = 1 (~log — dpo + Po0Ppr + f00.000 70X 000 1@2,T) ;
dey = m[~ly+ dxo (S5 + foo005 rd2r —1)];
By = m[=20g00p10x 0001l + Var (050 + fo0.00% 001) Go2,7 + 85 70% 0 (41 + Go2.7)] -

f(T = f(O)+ ﬁ I fg,om¢§,Tq~22,T —Inm —In (¢§7T) |

28, 2
2
fon (T) = g T fopodd i fo (T) = D90 4 poo oiind? o
q q
d2 dOd dedac
Tx T = i; T = 5 T = .
Fur 1) = G5 £(1) = G5 oD =

Therefore, {lo,lg,lz,Ia} can be solved as functions of ¢r, gao 7, and f*1(0), 5”1 (0), £0+1 (0),
9" (0), g5 (0), g5t (0), ¢ (0), @i (0), 621 (0), ¢k (0). However, there are multiple so-
lutions. It is hard to prove the necessary conditions for g7 (T') = g2, (T) = g5, (T) = 0, and
fi (T) = fa (T) = fgo (T) =

However, if g, (t) = guz (1) = 9o (t) = 0 and f; (t) = foz (t) = fo. (t) = 0, the equilibrium
conditions in the interior (equations (30) and (31)) will imply e, () = 0. Hence, equation (68) gives

ox (t) = lf%, which is a constant. This further gives [, = 0. The above equations would imply

So at least a sufficient condition for f}' (T') = fi1. (T') = f4. (I') = 0 from the above equations

o1



could be determined for d, = 0. Given I, = 0 and assuming ¢y (0) # 0, ¢, (T') # 0 (or ¢y (T') # *1,

Go2,7 # 0), there exists a unique solution for d, = 0:

_ 1—g5(T)
foo (0) = o2 (1) dmr

Given the conditions, the boundary system can be rewritten as

m = 1; co=—lo; co = —lo; ca = dar; ag= ¢%{C§T-
m = 1;
do = —lo+ fooder [OxPor + (lo — dor) bur] G221
o
dg = _¢97§ [x (¢§,T —1) +bur + (o = Po1) Po1001];

. 2 .
By = ¢xar+ [bxter + (lo — do.r) ur]” do21-
Using there equilibrium conditions,

(w=1) (¢x — bur)  OXGrr n Ox (Por — Ox) Qo277

() = dxwdl rdrr w—1 w
6y (T) = — (6x — dur) (12— w+ Qi_%(gb?g,TqAT(jQZTTZ)
¢XW¢I,TQTT
o= - ¢Xf9,ow<lzi,T2QT<§22,T7“ ‘
1 — w+ ¢X @7 o217
which corresponds to the simplified model in Section 4. ]
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